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Foundations of mathematics
il I (pua

Foundations of mathematics is the study of the basic mathematical
concepts ( logic statements, numbers, relations, sets functions...)
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Set of Numbers (Subsets of the set of real numbers R)

|

. Set of Natural numbers N = {1,2.3,...}.

N

. Setof Prime numbers P = {2,3,5,7,11,...}.

3. Set of Integer numbers Z =1=1{...,-2,-1,0,1,2,...}.
4. Set of Even numbers E={...,—4,-2,0,24,...}.
5

. Set of Odd numbers 0={...,3,-1,1,3,...}.

(@]

. Set of Rational numbers Q={a/b:a,beZ,b #0}.

\l

. Set of Irrational numbers H = {x: x ¢ Q}.

Example:
2/3,—1/5, 3,0.5, 0.3333 are examples of rational numbers.

Example:

T =3.1415....Is irrational number.

e =2.71828... is irrational number.

V2, /5 are irrational numbers.
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CHAPTER ONE
Mathematical Logic )l il
Contents:
1. Propositions (statements) < jtal)
2. Compound propositions 4 sl < jkal)
3. Mathematical proof et ol
4. Quantifiers < gl

Definition: Mathematical Logic is a subfield mathematics exploring the
applications of formal logic to mathematics. Mathematical logic are
widely used in theoretical computer science and other sciences.
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1.Propositions or Statements :  <_tal)

Definition: A Statements is a declarative sentence which is either (true:

T) or (false: F) , but not both. We use the letters p, g, r, s, ...etc to denote
a Statements.

el 088 ol oSadl g e 5 AIS  da (S0 g Aps Al a5l
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Example: Which of the following sentences are called statements , and
which ones are not statements.

1) p: V4 = 2 . Is true a statements.

2)q: 23_, (x + 2)=13.Isa false statements

Because 3° (x + 2)=(1+2)+(2+2)+(B+2)=3+4+5=
12 £13.

3) r: Baghdad isn’t in Irag. Is a false statement

4) s: What time is it ? is not a statements.
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5 w:x +y = 0. Isnot astatements.

Example: (H. W) Which of the following sentences is called a statement,
and which one is not a statement.

Dp:x + 1 = 3.

nogx +y =z

i) r: 3/4 is an even number .

Definition: Negation of a proposition 5 bl

Let p be a proposition. The negation of p is called (not p) and is
denoted by (~p).

Example: ~(3<5) , ~(y>z2) , ~(y>5, ~(2=10)
Example: Find the truth value of each of the following statements. Find
(~q) negations for the statements g and r..

1.p : Today is Saturday (F) , Today is not Saturday

2.q :2+2=4 (T) ~q:2+2+4

3. r:: The square has four sides (H. W)

Remark:

1. The truth table of the negation of a statements p

The truth table of the negation of a
statements p

p ~p

T F

F T

2. Double Negation Law: If p is a statements, then ~~p = p.
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2.Compound propositions A pall e )
Statements are divided into two types:

1. Primitive Statements : A Statements is said to be Primitive

Statements , if it cannot be divided into simpler Statements.
b e Mt S 1 U g Ay 3 el
2. Composite Statements : A Statements is said to be Composite
Statements , if it is compound of more than one primitive
propositions using logical connective operators.
S gl sty Jaay 1 el 5 ST ol (i 3 e (pa (5K S 1Y A ) nad
Basic Logical connective Operators At dgihaiall Jy ) &l gal There
are some basic logical operators that connect simple propositions to
produce composite proposition. These operators are:

1. Conjunction operator : (s) J«sll 3\ : English (and) , symbol (A).
Let p and q are two primitive propositions. The conjunction of p and q is
denoted by (p A g) and read as (p and q).

If both p and g are true, then p A q is true, otherwise p A q is false.

Below is the truth table for the conjunction of two propositions:

Conjunction
q p

M4 -
M- (>

T
F
T
F

Examples: Find the truth value of the following statements:
1. 2+2=4and2+3=5
T A T =T

2. x/x = 1suchthatx # 0 A Baghdad is not in Iraq.
T A F = F
3. -51s aprime number A m is a rational number. (H. W)
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Properties of the conjunction operators: _ (A) Jwagll 314 yal

Let p, g and r are three propositions. Using the truth table, show that:
lLpAg=qADp (commutative)  Ju¥l daala

22.(p A QAT =p A(QAT) (associative ) el inals (H. W)
3.p Ap =p (ldempotent law) ¢ sill s susi (58

4.p A T = p (ldentity law) (H. W)

5.p A F = F (Domination Law)

6.p A~p = F.(H. W)

Solution:

lpANg=qANDp

p q pAq qAp
T T T T
T F F F
F T F F
F F F F
3pAp =p
p p pAD
T T T
F F F
O5p ANF =F
F p ANF
T F F
F F F
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2. Disjunction operator () J=ill 3)41: English (and) , symbol (V).
Let p and g be two propositions. The disjunction of p and q is denoted by

(p V q)andread (porq) .

We say that (p V q) is true when p is true or q is true or both are true. If
both p and q are false, then p v q is false.

Below is the truth table for the disjunction of two propositions:

Disjunction
q p

T 3
M4 | <

T
F
T
F

Example: Let p, g and r are three propositions such that
p: dogs can fly

qgx —x =0,x €R

r—3 €N

Find the truth value of the following statements:

a)(p v vr (HW)

b)~qVv r (H. W)

c)~(~p VvV q)

d@Aq@V(@vVvr) (HW)

Solution of (c):

Properties of the disjunction operator: (V) Jwxaill 313l yal s3

Let p, g and r are three propositions. Using the truth table, show that:
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lpvg=qVvp Wiaas) (W.H)
2.(pVv @ Vr=pV(qVr) (a=diuas)
3pVp =p (il gsigsld) (W.H)
4.p v T =T (Domination Law) (H. W)
5.p V F = p (Identity Law) (H. W)
6.pV~p=T (HW)
Solution2: (p Vq) Vr =p Vv (qVr)
14 q r pvqg | qVvr (pVQYVripV(qgVr)
T T T T T T T
F F F F F F F
F T T T T T T
F T F T T T T
F F T F T T T
T F F T F T T
T T F T T T T
T F T T T T T

3. Conditional operator k&l 313 : English word (if ... then), Arabic

word (...oké... 9<13) | symbol (=)

Let p and g be two propositions. The conditional statement p — q is the
proposition (if p then q). The conditional statement p — q is false when
p is true and q is false, otherwise p — q is true.

The following is the truth table:

M4 -
MmMH4T 4 |

A4—47n4 ||

Example: Find the truth value of the following statement:

If fish fly, then 3+2=5
F - T =T
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Example: Let p, g, and r are three propositions such that

p: 3 is an odd number

qgx +y =y + xxy €R

r: Winter is hot

Find the truth value of the following statements:

D®-q Vv (-9 HW)

2)if (p A q) then(q V ~71)

A AT)V(qg—p) (HW)

Solution2:

if(p ANqthen(qV~1r)=if TAT)then(TVT)=T->T=T.

Properties of the conditional operator: (=) &l 313 yal &
Let p, g and r are three propositions. Using the truth table show that:
(H.W)

1L.—-q9 #(q = p)

2.(p 2 q)>r#+Fp->(@Q—->71)

3. Find the truth valueof: p =T, p—>F, p—> ~p, p = p.

4. Bi-conditional operator g sl Ja &l 314 ;
English word (if and only if ), Arabic word (.13 k& 4 13) | symbol (©).
Let p and g be propositions. The bi-conditional statement (p < q) is
the proposition “‘p if and only if q”’. The bi-conditional statement is
true when p and q have the same true value, and is false otherwise.

The following is the truth table:

p q peoq
T T T
T F F
F T F
F F T

Example: Find the truth valueof x > 0 & 2x > 0.
Solution: The statement is true because

If x > Othen2x > O0andif 2x > Othenx > 0
Example: Find the truth valueof x > 0 & x2 > 0(H. W.)
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Properties of the biconditional operator :

Let p, g and r are three propositions. Using the truth table show that:
(H.W)

lpeog=qep
2.(peger=po(qeorn)
3. Find the truthvalueof: p o T, p o F,p & ~p,p © p.
Definition: A compound proposition that is always true is called a
tautology or lemma or theorem.

uals Juant &l L Ll dla &5 ) A 5l Oy
A compound proposition that is always false is called a contradiction.

ol gy Ll A 6 5 A8 5l D

Example: Show that (p Vv ~ p) is tautology and (g A ~ q) is
contradiction.

Solution:
- (»p V~p) (q@ A~q)
p p Tautology contradiction
T F T F
E T T F

Example: (H. W) which of the following compound statements is
tautology and which one is contradiction

pANF,pVvT,pe ~pl[(p— q) Ap] A~ p.

Definition: Logical Equivalence  ihiall i

Two statements (propositions) that have same truth values are called
logically equivalent. The notation p = q or p = q denotes that p and g
are logically equivalent.

Example: show that ~(p V q) = ~p A ~q (logically equivalent).
Solution: The truth table for ~(p VvV g@)and ~p A ~q is

P q |pvVag|~®VQ|~p|~q | ~pPA~q
T | T T |F F|F |F
T | F T |g F T |F
F| T T |F T |F |F
F | F FolT LI L
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Definition: Let p, g and r three propositions, then define the following
logical equivalence:

l.gANr =~(~q V ~r)

2.p—>q=~pVq

3peq=@P->9A(@-p)

De Morgan’s Theorem: Let p and g are two propositions. Then
L~(pAT)=~pV~qHW)

2.~(pVr)=~pA ~q.

Proof (2): Take the right hand side (R. H. S)

~p A ~q=~(~~p V~~q) [ definition of A ]
= ~(p V q) [double negation law: ~~p = p]

= Left hand side (L. H. S).

Exercise: Simplify the following statements:

1. ~(p v~q)

2.~(~p—9)

3.~(~p < q) (HW)

Solution(1): ~(p V~q) = ~p A ~~q [ De Morgan’s law]

=~pAq [~~q=d]
Solution(2): ~(~p—>q)=~(~~p Vv q)
=~(pVvq)[~~p=p]

=~p A ~q [De Morgan’s law]

10
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Laws of Logical Equivalence bl () ol

Let p, g and r are propositions. The following are some of the common
logical equivalence rules:
1. Distributive Law (from left) bl 0o gjsll 588

*pA@VTr)=@AQV (AT
CpA@AT)=@ADA(PAT
CpV@Arr)=@EVvVgyApPVvr
*pVv@vr)=@EvgyVvpvVvrn
CpV@-nN=@EVvgy->@EVr)
CpV(@er)=@EVvgeg <@V

2. Distributive Law (from right) :edl (e a5l ¢y 588

>

D)

*(@qVr)Ap = (qAp) V (rAp)
(g AT)Ap = (qAp) A (TrAp)
(@qATr)Vp = (qVp) A(rVp)
(qvr)vp = (qvp) Vv (rvp)
(- nNVvp =(qVvp)—> (rvp)
(q or)Vp = (qVp) «©(rvp)

R/
* 0‘0 L)

X/

%

R/ R/ J
0’0 0’0 0’0

Exercise: Simplify the following statements using laws of logical
equivalence: (H.W)

1. (pVvVqg AN~p.

2.V V(~pAQ.

Exercise: Prove that (without using the truth table)
~PV(~pAQ)=~pA~q

Solution: Takethe L. H. S

~pV (~p Aq) =~p A ~(~p A q)[De Morgan’s law]

=~p A (~~p V ~q) [ De Morgan’s law]

11
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=~p A (p V ~q) [by double negation law]
=(~p A p) V (~p A ~q) [by distributive law]
=FV (~pAN~q)[pA~p = F]

=(~p A ~q) V F [by commutative law]

=~p A~q RHS

Theorem: (Properties of —)

Let p, g and r are three propositions. Prove the following properties
without using truth tables:

lp->p =T
2~p>p=0p
3.p>T =T
4 T->p=p
5p=>F = ~p
6.F->p =T

7.p=>q=~q—>~p
8p—=>q=@A~q)—> ~p
9p=>q=@A~q) > (@ A~T)
10. ~(p > @) =pA~q
Proof1: Toprovep -p =T
p—=>p=~p V p[def. of =]

=T

Proof4: ToproveT - p = p

12
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T - p = ~TV p|[def. of =]
=FVp=p

Proof 7: Toprove p > q =~q = ~p

p— q =~p V q|[def. of -]

=q V ~p [V is commutative]

=~~qV ~p=~qo~p

Proof8: Toprovep - q = (p A~q)~> ~p

Takethe R. H.S:(p A~q) = ~p

=~( AN~q)V ~p [def. of -]

=(~p A~~q)V ~p [ De Morgan]

=(~pVv@Vv~p [~~q =(q]

=~pV(~p V q)[Vviscomm.]

=(~pV~p)VqlVisassociative]

=~pValp Vp=rp]

=p — q [def. of -]

=L.HS

Theorem: (Properties of <)

Let p and q are two propositions. Prove the following properties without
using truth tables:

lpeop =T, peoT=p poF=~p

2.peo~p =F

3pegq=qep

13
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S~peoq=peo~q

6.~pe q = ~pegq

l.~(poq =peo~q

Proof1: Toprovep & T = p

peoT=@->T) A(T-p)= [def of ]

= (~pVT) A(~TVp) [def.of]

=(~pVvT) A(FVp)[~T = F]

=TAp[~pVT=T]

=p

Proofé: ~(p < q) = ~p e ¢

TakeL.H.S:~(p « @) =~[(p » @) A(q = p)] [def. of ]
=~ - q)V~(q~-p) [DeMorgan]

=~(~pV @) V~(~qVp) [def of -]
=(A~q)V(qA~p) [DeMorgan]
=[(pA~a)VqlA[(pA~q)V~p)][distributive (v on A)]
=SV A(~qV)IA[(pV~p) A(~qV ~p)] [dist. (vonA)]
=[PV ATIA[TA(~qV ~p)]

=@V A(~qV~p)

=(~p > @) A(q~— ~p) [def. of > ]

=~p & q[def. of & ]

14
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Mathematical Proof &bl ola

A mathematical proof is a valid argument that establish the truth of a
mathematical statement.
oibia Jilei gl dan PIA e a5 e Aaaa ) g ol o

Methods of Proving Mathematical Statements (or Theorems):

1. Direct Proof of a conditional statement q — 7r:

Direct proofs lead from the hypothesis of a theorem to the conclusion.
Definition: The integer number x is called even if there exist k € Z
such that x = 2k.

Definition: The integer number x is called odd if there exist k € Z
suchthat x = 2k + 1.

Theorem: If x is an odd natural number (x € 0) then x2 is odd.

Proof: Assume that x is an odd natural number.

We must prove x2 is odd,

Since x isodd, then x = 2k + 1forsomek € N.

x2=x.x=(2k + )(2k + 1) =4k2+4k + 1
=202k2+2k)+1

Lets = 2k2+ 2k € O,thenx2=2s+1

Hence, x2 is an odd number.

Theorem: (H. W.) If x is an even natural number (x € E) then x2is

even.

Theorem: The sum of two even natural numbers is even.

15
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The theorem can be written as follows: If x,y € E* thenx +y € E+
where E+ = set of positive even numbers.
Proof: Let p: x and y are even positive numbers,
q: x + yis an even positive number
Letx =2randy =2s(s,t €N).
Thenx + y = 2r + 2s=2(r + s)suchthats +t € N
x + y= 2kwherek = s + t.
Therefore x + y is a positive even number.
Theorem: (H. W.)
)Ifx € Eandy € Othenx+ y €0
ii)Ifx € Eandy € Othenx.y € E

i) Ifx,y € Ethenx+y € E

2. Direct Proof of a conditional statement p < q
To prove a proposition in the form p < g, we prove its equivalence. i.e.,
peoq=@@->9A(~>Dp)
Theorem: x is odd number «» x + 1 is an even number
Proof: Let p: x is odd number
q: x + 1 is an even number
1. Provep —q: Letx € O,x = 2k + 1;k €7
x+1=2k +2=2(k+ 1);(k+1) € Z

x+1=2rr=k+1€Z

16
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x+1€kE
2.Proveq—p:Letx + 1 € EToprovex € 0
x+1=2k; ke Z

x =2k -1k € Z

x =2k -2-1)=2k-24+1=2(k-1)+1

Since(k—1) e Z,thenx=2r+1,r=k—-1 € Z
x=2r+1€0

Theorem: (H.W) x is even & x2 iseven.

Theorem: (H. W.) x is odd number if and only if x2 is odd number.

3. Proof by Contradiction:
Theorem: Prove that: If x2 € Othenx € 0
Proof: Assume that x2 € 0. Toprovex € O
By contradiction, assume that x € E
x = 2k:;k €7
X = 42 € F pail ae alls
~x € 0.
Theorem: If x2 is even then x is even.
Proof: Assumethat x2 € E. Toprovex € E
By contradiction, assume that x € O
x =2k + 1;k €7

X2 = Ak2 + 4k +1 € 0 yajl sl

17
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Definition: Variable s
An alphabetic letter x, y, z, ... which represents a number that is either
arbitrary or unknown.
Example: 4x — 7 = 5 : xisavariable
Wz =3 . z IS avariable
Definition: Open Sentence 4 sidl dlaall

A sentence is called open sentence (or propositional function), if it
contains one or more variables. Open sentence is denoted by

p(x),q(x), g(x) ... etc.
Example: The following are open sentences:

p(x): x is an odd number

q(x,y):x +y = 5suchthatx,y € N

r(z):3%/z=3 suchthatz € R

Definition: Solution Set (Truth set)

Let p(x) be an open sentence and let A be a set. The solution set denoted

by T, is the set of all elements x of A for which p(x) is true. In other
words T, ={x € A: p(x)istrue}

ilas e p(r) sl el dead ) jualiallde pane 8 7 huall de sana 5l Jall de gana
Example: Find the solution set for of the following open sentence:

Letp(x)be (x + 2 > 7) and A = N. Then

T, ={x € Nix +2 >7})={x € N:x > 5}={67,..}

18



Foundation of Mathematic ol d 50 ~0lsly ) yual
wbe ol x5
2026 — 2025

Quantifiers : <l gl

Quantifiers are open sentences written in a special way.
A 4k 490 da ik Jea () gundl
There are two types of quantifiers:
1. Universal quantifiers 5 ball WS gl 5 ol
2. Existential quantifiers L 5 suad

Universal quantifiers:

Let p(x) be an open sentence on a set A. The notation (Vx € A,p(x))
Denote the universal quantification S s~ of p(x) and it reads as:
Forall x,p(x)* or ““for every x, p(x)”’ or “‘for each x, p(x)”’.
The symbol V is called universal quantifiers.
The set A is called domain . Jisll
Example:Vx € N, x > 0
All seasons in Iraq have rain.
Remark : 1. The universal quantifier p(x) on a domain 4 is true if and
only if T, = A.

2. universal quantifier p(x) on a domain A is false if and only if there
exist x € A such that p(x) is false.

Example: Find the truth value of the following open sentences:
lL.Vx€eER,x+1> x
LetA = Randp(x):x + 1 > x

Because p(x) is true for all x € R, the solution set T), = R.

19
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= the quantificationVx € R, x + 1 > x s true.
2.Vx ER ,x < 2
LetA = Nandp(x):x < 2
p(x) isnot true forall x € N.Take x = 3,p(3) is false.
=T, # N
3.Vx €EN,(x > 0Oandx = 0)
The statement is false, there exists x = 4 € N such that 4 > 0 and 4 # 0.
A4.Vx €Z, |x|] > 0(H. W)
5. Forallx € {1,-1},x2 — 1 = 0(H. W)
Existential quantifiers:
Let p(x) be an open sentence on a set A. The notation
dx € A P(x)
Denote the existential quantification > 5 of p(x) and it reads as:
"there exists x, p(x)" or "there is x, p(x)" or "some x, p(x)".
The symbol 3 is called existential quantifier > Jswe
The set A is called domain . Jisll
Example: 3x € N,x < 0
There exists seasons in Iraq do not have rain
Remark:

1.The existential quantifier p(x) on a domain A is true if and only if
T, # 0.
p

pOOR S Gy 23Ty e Y1 e 2n 19 Ehn 05 W 8 ) 5 )

20
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The existential quantifier p(x) on a domain A is false if and only if
T, = @.

Example: Find the truth value of the following open sentences:
1.3x €R, x2 = x
A= Rand p(x): x2 = x
T, = {0,1}
= the existential quantifier 3x € R, x2 = x is true.
2.3x € N,3x + 5 =1
x =—4/3¢ N=T,=0
= x € N,3x + 5 = 1lisfalse
3.3x € Z,[(x + 1)2 = 0and x2 — 1 = 0]
x+1)2 =0=x=-1
Andx?2 — 1 =0 = x=-1,1
T, ={-1} c Z
dx € Z,[(x + 1)2 = 0and x2 — 1 = 0]istrue
De Morgan’s law for the existential quantifier
~[3x€ A ~p(x)] = Vx € A pXx)
s A el (e AL IS )50 g3 (58
Example:
~[Ax €EEx+2 ¢ Fl] =Vx € EEx+ 2 €E
Theorem: Let p(x) be an open sentence and 4 is the domain. Then

1.~[Vx € Ap(x)]=3x € A, ~p(x)

21



Foundation of Mathematic ol d 50 ~0lsly ) yual
wbe b x5
2026 — 2025

2.~[Vx € A,~p(x)] = 3x € Ap(x) (HW)

3.~[3x €A p(x)] = Vx € 4,~p(x) (H.W)

Proofl: ~[Vx € A,p(x)]=~[~[3x € 4 ~p(x)]] {from De Morgan}
= ~~[3x € 4, ~p(®)]

=3x € A,~p(x) [~~p = p]

Il

22



