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Chapter Three: Relations CilBSall

Chapter Three Contents:
1. Cartesian Product M Gl

2. Relations CilEMal)
3. Properties of Relations <l g1
4. Ordering i i)

Definition: Ordered Pair <l z 539
An ordered pair of elements a and b is denoted by (a,b) where a is
called the first element and b is the second element.
a g s (3, h) Jelbad Janb sa oo oSl il g3l paie b g a Sl
() Bl s by il iyl g0 s cann
Remark: Let a, b, c and d be four elements. Then:
1. (a,b) # (c,d) In general
2.(a,b)=(c,d) = a=cAb=d
3.(a,b)=(b,a) & a=b

Cartesian Product Al qu pal)
Consider two arbitrary sets A and B. The set of all ordered pairs (a, b)
where a € Aand b € B is called the product, or Cartesian product, of
A and B and denoted by (A X B).
AXB ={(a,b):a€ A ANb € B}
(a,b))E AXB= a€AANbEB
(a,b)¢ AXB< a¢AV b¢EB

Example3.3: Let A = {a, b, c}, B = {5,4}. Find
AXB ={(a5),(a4),(,5),(b4),(c5),(c,4)}
BXA=

AxXA =

B XB =

Remark: If the number of a set A equals n and the number of a set B
equals m. Then the number of the elements of A X B is nm.

Example3.5: Let A = {x € N:x < 3} ={1,2,3},B = {0,3}and C = {1}
find :
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AXA=

B X B =

CxC=

BxC=
(BNC)xA=
(BUC) XB =
Is,AXB =B X A?

Theorem: Let A, B, C and D be nonempty sets. Then:
1LAXDP=Q0and P xA=0

22.AXB=BXA < A=B
3AX(BNCO)=(AXB)Nn(AxC). (H W)
4AX(BUC)=((AXB)UAXC).(H W)

5. A% (B\C) = (AxXB)\(A %0
6.(AXB)N(CXxD)=(ANC)x(BNnD)(H. W)

Proof . TP.OXA=0

Supposethat @ X A # @ oSl i

F(x,y) EOXA =x€@ A y€ A(def. of A X B)
=FAyeA

= F(F A p=F) =

LOXA=0

In the same way, provethat AX @ =@ (H. W)

Proof 2:

(=)SupposeAd X B =B X AT.P.A =B
Let x €e ANy €B

= (x,y) € A X B (def.of A X B)

= xy)€E BX A, (AX B =B X A
=x €E€EBAy€eEeA

—=ACBABCA

= A = B (def. of equal sets)
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(¢)SupposeA = BT.P.AX B =B X A
Let(x,y) € A X B

&x € ANy € B(def.of A X B)

Sx €BAye€eA =B

< (x,y) EB X A

~AXB =BXA

Proof 5:

T.P. A x (B\C) = (A X B)\(4 x 0)

Let (x,y) € A X (B\C)

= x € ANy € (B\C) (def. of A x B)

x € ANy €B Ay & C)(def. of )
SxeANYyEB)AN(x e ANy & C)(dist. A on A)
S (x,y) EAXBA(xy &€ AXC

< (x,y) € (A X B)\(A x 0)

~A X (B\C) = (A X B)\(4 x 0)

Definition: Generalization of the Cartesian product IS Qo pall prend
Let Ay, Ay, ..., A, beany sets. Then
n

l_[ Ai=A1X A2><... XAn = {(xl,... ,xn):xl-EAi,i = 1, ,n}
i=1

Example: What is the Cartesian product A X B X C, where
A = {0,1},B = {1,2},C = {2)?

Solution: 4 x B x C = {(0,1,2),(0,2,2),(1,1,2), (1,2,2)}

Remark: Let Abeaset,then4 X A = A2 and A X A X A = A3
Ingeneral, A X .. X A = Ar

Example:R X R = R2 andR X R X R = R3
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Relation: 48l

Let A and B are two sets. Any subset R of A x B is called a relation
from A to B. In other words,
RisarelationfromAtoB& R € A X B.

(x,y) € Rcan be written as xRy or x~y
(x,y) € Rcan bewrittenasxRyorx +~y

Remark: The relations are denoted by R, S, T, W, ...

Definition: If R is arelation fromAto A(R € A x A)thenR iscalled
a relation on A.

Example: Let A = {1,4,5}and B = {1,a}
AXx B = {(11),(1,a),(41),(4,a),(51),(5 a)}. Write three relations
from A to B.

Solution:

Remark: The empty set @ is the smallest relation from Ato B (@ € A X
B). And, A X B is the largest relation fromAto B (A X B € A X B)

Example: (H. W.) Let A ={1,4,5}, B ={1,a}. Find B x A and write
three relations from B to A.

Example: Let A = {x,y,—1}. Find a relation from A to A.

Solution: A X A = {(a,b):a,b € A}
A XA = {(X',X), (x')’), (x'—l),(y,x), (y'}’)' (%‘1), (—1,X), (_1'y)r(_1'_1)}
then R = {(x,x), (x,y), (x,—1), } be a relation from A to A.

Specifying a relation: & ¢s a3k

1 .Listing members of a relation: 4 saall 4sy )Ll
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List the members of the relation separated by commas and contained in
braces { }.

Example: Let A = {1,2} and B = {x, y} are two sets and R is a relation
fromA B. R ={(1,x),(1,y), (2 x),(2,v)}

2. Listing a relation property: &l s jd daal)

State the property that characterizes the elements in a relation
Example: A ={-1,5,0} and = {-3,0, -1} .

LetR1 = {(a,b) € A X B:a = b}
={(=1,-3),(=1,-1),(5,-3),(5,0), (5, 1), (0, =3), (0,0), (0, —1)}
R: = {(x,y) € A X B:x = y} = {(-1,-1),(0,0)}

Definition: Let x and y are integers with x # 0 (x,y € Z). Then
"x divides y" ~& is denoted by x|y and is defined as:

x|y & 3k € Z suchthaty = kx
xtye Vk € Z suchthaty + kx
When "x divides y" ~0we say that"x isa factor of y"or"yisa
multiple of x"

Example: Are 3|6,—4|8,—-5|1,9|30?
Solution:

Jk = 2suchthat6 = 3k = 3(2) = 3|6

Ak = —2suchthat8 = —4k = —4(-2) = —4|8
vk € Z,30 # 9k = 9430

=51 (H. W.)

Example: A={x € Z: 0 < x < 4}. Write arelation R on A such that
R = {(a,b) € A X A:a|b}

Solution: A = {0,1,2,3,4} and
R =
{(1,0), (1,1), (1,2), (1,3), (1,4), (2,0), (2,2), (2,4), (3,0), (3,3), (4,0), (4.4)}

Definition: Let R; and R, are two relations from A to B, then R; N Ry,
R{ U R,, and R{\R; are also relations from A to B.



Foundation of Mathematic 0bal) yusl-olgl d> 50
wbe sl x5,
2026- 2025

Example: A ={x,y,z} andB={x € Z: —2 < x < 3} Write two
relations R; and R, from A to B.

R.=

R,=

Then find
R, NR,=
Ry UR, =
R\R; =
R\R; =

Definition: Let R a relation from 4 to B then R -1 is a relation from
B to A. R —1is called the inverse of R.

R -1={(b, a): (a, b) € R}

Example: Let = {0,3,8, —10} B = {0,1, 2}. A relation R from A to B is
defined as: R = {(a,b) € A X B:a + b = 2k, k € Z}. Write the
elements of the relation R and find R -17?

Solution:

R = {(0,0),(0,2),(3,1),(8,0),(8,2),(—10,0), (—10,2)}
R-t = {(0,0),(2,0),(1,3),(0,8),(2,8),(0,-10),(2,—10 )}
Definition: Domain of a relation 42 Jiaa

The domain of arelation R € A X B is the set of the first coordinates of
each pair. In other words:

domR = {x € A; 3y € B:(x,y) € R}

ltisclearthatdom R € A  adll V) Lilidl de gana 8 48Nl 3l
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Definition: Range of a relation 48l saa

The range of arelation R € A X B s the set of the second coordinates
of each pair. In other words:

rangeR = {y € B; 3x € A: (x,y) € R}

It is clear that range R € B Al 4] Ll de gana g d83Mall g

Example: LetA = N R = {(a,b) € N X N:b = 2a}. FinddomR
range R.

Solution: The relation R can be written as follows

R = {(1,2),(2,4),(3,6),(498),... .}

DomR = {1,2,3,4,5,...... }=N

Range R = {2,4,6,8,....} = E* even positive numbers

Example: HW.) LetA=Zand R ={(a,b) € Z X Z:b = 1 — a}
Find dom R range R.

Lemma: Let R be arelationon A X B then:

l.dom R = range R—* (H.W.)
2.range R = dom R~1

Proof 2:

A X B = {(a,b):a € A b € B}

B x A = {(ba):(a,b) € A X B}

rangeR = {b € B; 3a € A suchthat (a,b) € R}
domR-! = {b € B; 3a € A suchthat (b,a) € R1}
T.Prange R = dom R-1

Letb € rangeR

< 3Ja € A suchthat (a,b) € R

< 3Ja € A suchthat (b,a) € R1

< b € domR1

~range R = dom R-1
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Properties of Relations: il yal i

1. Reflexive relation: 4s\saiy) &)
A relation R on a set A is called reflexive if (a,a) € R foreverya € A.
R reflexiveonA< aRa,Va € A< (a,a) € R, Va €A
R notreflexiveon A< 3a € A,a » a<3Ja €A, (a,a) € A

Example: Let A = {1,2,3,4}. Which of these relations are reflexive?
Solution:

R1 = {(1,1),(1,2),(2,1),(2,2),(3,3),(3,4),(41),(44)}
R1 is reflexive on A, because

(1,1) € R,(2,2) € R,(3,3) € R,(44) € R4

= (a,a) € Ri1Va € A

R; = {(1,1),(1,2),(2,1)} is not reflexive because,
32 € A such that (2,2) € R:
d3€As chthat (3,3) € R
34 € A such that (44) € R2

R: = {(1,1),(2,1),(3,4),(2,2),(2,3),(3,3),(3,1),(3,1), (4,3)} is not
reflexive because, (4,4) ¢ R3

R4 = {(3,4)} is not reflexive.

Example: Let A = {-2,1/2,0,3}. Let R; and R be two relations on
A such that:

Ry = {(a,b):a < b}and R, = {(a,b):a = b}.

Are Ry and R, reflexive? Is A x A reflexive on A?

Solution:

Ri = {(a,b):a < b} ={(—2,-2),(—2,1/2),(—2,0),(—2,3),(0,1/
2),(0,3),(1/2,3),(1/2,1/2),(0,0), (3.3)}

(a,a) € Ri,Va € A

= R1 Is reflexive
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Similarly, (a,a) € R2Va € A= R:is reflexive relation
And (a,a) € A X AVa € A= A x Ais reflexive relation

Example:
Let R be relationson Z suchthat R = {(a,b):a = bora = —b}.Is
R reflexive? Is Z x Z reflexive on Z?

Solution:

R = {(-1,-1),(-1,1),(1,-1),(0,0),(2,-2), ... .}
Since (a,a) € RVa € Z
= R is reflexive

Similarly, (a,a) € Z X ZVa € Z = Z X Zis reflexive
Remarks:

1.4 x Aisreflexiveon A
2. @ is not reflexive on A

Example: Let A = N. Let R be relations on A such that
R ={(a,b) € N X N:a|b}.Is R reflexive?

Solution:

Sincedk = 1st.a=1(a)=ala = aRaVa € N
=R is reflexive

Example: Let A = {—2,-3,2,4}. Let R be relations on A such that
R = {(a,b):a + b < 3}.IsR reflexive?

Solution:
Leta = 2,b = 2thena + b = 4 > 3
= R is not reflexive

Identity Relation : siagll d8de g 411 d8al)

Let A be a set. The identity relation on A is denoted by I, and is defined
as:

I, = {(a,b) € A X A:a = b}
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Remark: Let A be a set. The identity relation 1, is a subset of the
reflexive relation on A.

Example: Let A = {-2,-3, 2, 4}. The following relation is Identity
relation R = {(—2,—-2),(—=3,-3),(2,2),(4,4)} =14

Symmetric Relation 4 Bl 4%l

A relation R on a set A is called symmetric if the following condition
satisfied:

If (a,b) € Rthen (b,a) € RVva,b € 4
The relation R is not symmetric 4 bl e if ;
d(a,b) € A X Asuchthat (a,b) € Rbut (b,a) € R

Example: Let A = {1,2,3,4}. Which of these relations are symmetric?
R = {(1,2),(2,1)} is symmetric because (1,2) € Ry A (2,1) € Ry

Rz = {(1,1), (1,2), (2,1)} is symmetric

R = {(1,1),(3,4),(2,2),(2,3),(3,3),(3,1),(1,3),(4,3)} is not
symmetric because (2,3) € Rz but (3,2) € R3

R4+ = {(3,4)} is not symmetric

Example: Let A = {—2,-3,2,4}. Let R be relations on A such that
R = {(a,b):a + b < 3}. Is R symmetric?

Solution:
R = {(_2' _2)' (_2' _3)' (_2'2)' (_2'4)' (_3' _2)' (—3,2), (_3;4'):

(2,-2),(2,-3),(4,—-2), (4,—3)} R is symmetric,
(a,b) € R<= (b,a) € R

Example: Let A = Z. Let R be relations on A such that
R = {(a,b) € Z X Z:a + b < 3}.Is R symmetric?

Solution: R = {(-1,—1),(~2,-2),(2,1),(1,2),(1,1), ... .}

10
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Let (a, b) € R = (b, a) € R?
(ab) e R=a+b<3=b+a< 3= (ba) eR
~ R is symmetric relation

Example: Let A = Zand defineaRb<ab >0Va,b € Z.
Is R reflexive? Symmetric?

Solution: reflexive: IsaRaVa € Z?Leta € Z=a.a = a? > 0
~ R is reflexive

symmetric? Let (a,b) € R, (b,a) € R?
(a,b) € R=ab =2 0= ba = 0= (b,a) € R
~ R is symmetric

Example: Let A = R and define Sbh < a — b > 0Va,b € R. Is
S reflexive? Symmetric?

Solution:

1. reflexive: IsaSaVa € R?Leta E R=a —a =0
~ S is not reflexive

2. symmetric? Let (a,b) € S,Is (b,a) € S?

(a,b) e S=>a—-—b >0=>b—-—a< 0= (ba) &S
~ § Is not symmetric

Example: (H. W.) Let A = Z anddefineaR b < |a| = |b|Va,b € Z
Is R reflexive? Symmetric?

Example: (H.W.)Let A = ZanddefineaRb < a = 1Va € Z
R = {(1,b): b € Z}.Is R reflexive? Symmetric?

Theorem: A relation R on a set A is symmetric iff R = R-!

Proof: =) Suppose R is symmetric T.P.R = R-1.
Let (a,b) € R & (b,a) € R (R is symmetric)
< (a,b) € R-1(def. of R-1)

11
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~R = R—l)

Proof: &) Suppose R = R-1T. P. R is symmetric

Let (a,b) € R=(a,b) € R-1 (R = R 1)
= (b,a) € (R-1)! =R

~ R is symmetric.

Anti Symmetric Relation A ) v dide

A relation R on a set A is called anti symmetric if

(aRbANDbRa) = a =bVab € A
R is not anti symmetric if 3a,b € Ast(aRb A bRa)A a + b.

Example: Let A = {1,2,3,4} and R4, R, are two relations on A such that
Ri1 = {(2,1),(3,1),(3,2),(1,1)}and R2 = {(2,1),(3,1),(1,2),(1,1)}.
Are R, R, anti symmetric?

Solution:

R1 is anti symmetric because (1R1 A 1R1) =1=1

R, is not anti symmetric because 3(2,1) € R, A (1,2) E R, but1 # 2
Example: (H. W.) Let A = {1,2,3,4} and R is a relation on A such that
R = {(4,2)}. Is R anti symmetric?

Example: (H.W.) LetA=Zand Ris arelationon Zsuchthata R b &
a=b + 1 Is R reflexive? symmetric? Anti symmetric?

Hint: R = {(2,1),(1,0),(0,-1), ...}

R is not reflexive , R is not symmetric and R is anti symmetric

Example: Let A = Z and R isarelationon Z suchthat Rb < alb.Is
R anti symmetric?

Solution:

LetaRb A bRa= alb A bla

= b = kia Na=kyb, kl,k2 € Z ... .(¥)
= b = ki(k:p) = b = (kiky)b

=kk, =1

= ki=k,=1o0rk =k, = —1

Ifky =k, =1 thenb = 1.a (from?¥*)

12
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If ki =k, = —1thenb=-1.a (from¥*)

= b =aorb = —a
~ R is not anti symmetric

Example: (H.W.) Let A = Z and R isarelationon Z suchthat R b <
a + b = 2k,k € Z.IsR anti symmetric?

Theorem:
Let R be arelation on A, then R is anti symmetriciff R N R-1 € I .

Proof: =) Let R is anti symmetric T.P.R N R~ € I,

Let (a,b) € R NR-1= (a,b) € R A (a,b) € R ~1 (def. of N)
= (a,b) € R A (b,a) € R

= a = b (R is anti symmetric)

= (a,b) € Iy

~RNR-1C I,

Proof: &) LetR N R -1 < I, T.P. Ris anti symmetric
LetaRb A bRa= (a,b) € R A (b,a) € R

= (a,b) € R A (a,b) € R

= (a,b) € R N R — 1 (def. of N)

= (a,b) Ely=a=5»

Transitive Relation &l 48l

A relation R on a set A is transitive If

(a,b) € R A (b,c) € R then(a,c) € R Va,b,c €A
Or IfaRb A bRcthenaR cVa,b,c € A.

A relation R on a set A is not transitive if
da,b,c € A such that (a,b) € R A (b,c) €E R A (a,c) € R

Example: Let A = {1,2,3,4}. Which of these relations are transitive?

R1 = {(1,1),(1,2),(2,3),(1,3)}. Ry istransitive on A
because (1,2) € Ry A (2,3) € Ri=(1,3) € R,
And (1,1) €R;y A (1,2) eRi = (1,2)€eR]1

13
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R; = {(1,2),(2,3)} Rz is not transitive on A because
(1,2) € R, A (2,3) €ER, but (1,3) € R,.

Example: Let A = N. Define a relation Ron As.t R = {(a, b): a < b}.
Is R transitive on A?

Solution: Let (a,b) € R A (b,c) ER =a <bADb<c
= a < c=(a,c) € R~ Ristransitive on .

Example: (H.W.) Let A = N. Definea R b < al|b ProvethatR
transitive on A.

Example: (H.W.) Let A = Zand defineaRb & ab>0Va,b € Z
Show that R is transitive.

Example: (H. W.) Let A = R and define aSb < a—b > 0Va,b € R.
Is S transitive?

Equivalence Relation <) A8

A relation R on a set A is called equivalence relation if and only if R is
reflexive, symmetric and transitive.

Example: Let A = Zand Risarelationon Zs.t aRb < a+b = 2k,
k € Z Show that R is equivalence relation?

Solution:

reflexive: T.P.aRaVa € Z ,leta€Z = a+a=2a= (a,a) ER
Symmetric: Let (a,b) € RT.P.(b,a) € R

(a,b) e R=a+b =2k=b + a =2k= (ba) ER
~ R is Symmetric

Transitive: Let (a,b) € R A (b,c) € R ToProve (a,c) € R
(,b)) ER=a+b =2k, ki€ Z.... (D

(bc) E R=b +c = 2k), ky € Z.... (2)

By summing up equations (1) and (2)
=a+b+b+c=2k+ 2k

=a+ 2b+c = 2(k1 + k2)

=a+c =2(ki+k2 — b)

14
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=a+c=2k,k = ki+k—b€E Z
=(a,c) € R = -~ Ristransitive

Thus R is equivalence relation

Example:(H.W.) Which relations from previous examples are
equivalence relations?

Equivalence classes: il < siua

Let R be an equivalence relation on A. The set of all elements that are
related to an element a € A is called an equivalence class of a. The
equivalence class of a is denoted by [a].

o R A 3y s i ) jaliall K de gana (i A A puaic g (S5 A o 4 e S A R (K1
[a] < Jensad S Caa aig

[a] = {x € A:x~a}
X € [a] © x~a
x € [al & x+a

Example: Let A = {1,2,3,4}.R = {(1,1),(2,2),(1,2),(2,1),(3,3), (4,4)}
be an equivalence relation on A. Find all equivalence classes on A.
Solution:

[1] = {x € Aix~1} = {1,2}
2] = {x € A:x~2} = {1,2}
3] = {x € A:x~3} = {3}
[4] = {x € A:x~4} = {4}

Example: Let A = {—1,1,0}and = {(a,b) € A X A: Va3 =+b3 }.
Show that R is an equivalence relation. Find all equivalence classes on A.
Solution:

R = {(-1,-1),(1,1),(0,0)}
[-1] = {x € Aix~ — 1} = {-1}
[1] = {x € Aix~1} = {1}

15
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[0] = {x € A:x~0} = {0}

Example: Let A = ZandR ={(a,b) €ZXZ:a—b =3k, k € Z}.
Show that R is an equivalence relation. Find all different equivalence
classes on Z.

Solution: reflex.: Leta € ZT.P. (a,a) € R
a€Z=a—-—a=30),k=0¢€Z

Symm.:Let (a,b))ER=a—-—b=3k,k€Z=b—a=-3k =
3(—k),—k € Z= (b,a)€E R

Trans.: Let (a,b) e RA(b,c) € RTo Prove (a,c) € R
(a,b)ER=>a_b=3k1,k1€Z ...... (1)
(b,c) E R=b — c = 3k k, € Z ...... (2)

By summing up equations (1) and (2)
a—b+b—c=3ki+ 3k

a— ¢ =3(ki1+k2)

a—c=3s, s=ki+keZ

(a,c) ER

~ R is reflexive, symm. and trans.

~ R is equivalence relation on Z

To find all equivalence classes, we start with

[0]={x€ Z:x~0} = {x€Z:x—0=3k,k € Z}
={x € Z:x =3k, k€ Z}={0,3,-3,6,—6,...}

[1]={x€Z:x~1} = {x €Z:x—1=3k,k € Z}
={x€Z:x=3k+1,keZ}={1,4-27,-5,..}

2] ={x € Z:x~2}={x€Z:x—2 =3k, k€ Z}
={xe€Z:x=3k+2,keZ}={25-18—4,..}

[B]={x€Z:x~1}={x€Z:x—3 =3k, k € Z}
={x € Z:x=3k+3,k€eZ}={3,6,09,-3,...} = [0]

[4] = [1]
[5] = [2]
Example: (H.W.) LetA=ZandR ={(a,b) €EZXZ:a—b =

5k, k € Z}. Show that R is an equivalence relation. Find all different
equivalence classes on Z.
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Example: Let A = N. Define arelation R on A such that R =
{(a, b): a = b}. Show that R is an equivalence relation. Find all
equivalence classes on N.

Solution: R is an equivalence relation (H. W.)

[1] = {x € N:x~1} = {x € N:x = 1} = {1}

[2] = {x € N:x~2} = {x € N:x = 2} = {2}

[3] = {x € N:x~3} = {x € N:x = 3} = {3}....... etc
Theorem: Let R be an equivalence relation on A, then:

l.[a] # @Va € A

2.a~bif and only if [a] = [b]
a+b s [aln[b] =0

5.a € [b] & [a] = [b]

Proofl: [a] = {x € A: x~a}

Since R is an equivalence relation = R is reflexive
= a~aVa € A
= a € [a] (def. of equi. classes)
= [a] # 0

Proof 2: =) Suppose a ~b T.P [a] € [b] A [b] S [q]
letx € [a] = x~a A a~b
= x~b (R is trans.)
. = x € [b]
~[a] € [b]
Similarly, prove that [b] S [a] (H. W.)
(<) Let[a]l = [b]T.P.a~b
since R is reflexive = a~a
= a € [a] = [b] (from hypo.)
= a € [b]
= a~b
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Proof 3: =) Supposea - bT.P[a] n [b] = @
suppose [a] N [b] # @

dx € [a] N [b]=x € [a] A x € [b]

= x~a A x~b (def. of equi. classes)

= a~x A x~b (R issymm.)

= a~b (R is trans.) contradiction

~lal] n[b] = @

(<)suppose [a] N [b] = O T.P.a ~ b
suppose a~b = [a] = [b] (from 2)

= [a] N [b] # O contradiction
~a+b

Proof4: =) suppose [a] # [b]and [a] N [b] + @
= a~b (from 3)
=la] = [b] cal g uis

(<) suppose [a] N [b] =@ T. P. [a] #[b]

suppose [a]=[b] = [a] N [b] # @ A

 [a] # [b]

Definition: Partition of a Set  4s gaaal) & jas

A collection of subsets {A; : i € I © N} of Ais called partition of A if

i A desadl e A €1 C NPAA ) & sall cle sand) (g g
.@Lﬁ\L}JﬁJ\QﬁaB\A d‘u)a.\

1A, # QVi € I

2ANA =0 Vi #j

. Uier A=A

Example: Let A = {0,1,2,3,5, —2}. Find two partitions of A.
Solution:

First partition The collection A, = {0,1}, A, = {2,3,5},A3 = {-2}

Second Partition (H.W.)

18
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Theorem: Let R be an equivalence relation on a nonempty set A. Then
the set of all different equivalence classes forms a partition for A.

Proof:

Let P = {[a]: a € A} the set of all different equivalent classes of A.
T. P. P is a partition of A

(1) [a] # @ Va € A (from Theorem (1))

(2) Let [a], [b] are two different equivalence classes
T.P.lal n[b] = @

Since [a] # [b] = [a] n [b] = @ (from Theorem (3))

(B)T.P.Ugealal = AT.P. Ugesa[a] € A N A S Ugey [4]
let x € Uygeq [a] = x € [a] forsomea € A

= x € A([a] € A)

2~ Ugalal € 4 ... (1)
letx € A= x € [a]forsomea € A
=X € UaEA [a] ([a] c UaEA [a])
~A S Ugeala] ....... )
From (1) and (2), Ugea [a] = A

Example: LetA = Zand defineaRb < |a| = |b|Va,b € Z Prove
that R is an equivalence relation. Then find all different equivalence
classes (i.e., find a partition set of 7).

Solution: R is an equivalence relation (H. W.)

[0] = {x € Z:x~0} = {0}

[1] = (1,-1}
2] = (2,-2)
.. etc
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Partition set: P = {[a]: a € Z+*}

Example: Let A = ZandR ={(a,b) €ZXZ:a — b= 3k, k € Z}.
Find the partition set on Z.

Solution: From Example, the relation R is an equivalence relation
Partition set=The set of all different equivalence classes

P = {[0] [1].[2]}

20
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Order Relations: ) cldde

1. Partially Ordered Relation: Ly 4 yall cilidlall

A relation R on a set A is called Partially Ordered Relation (P. O. R) or
partially ordering if it is reflexive, anti-symmetric and transitive. The pair
(4, R) is called partially ordered set (P.O.S) .

(A R) g5V commas L dyana g &y yhlis 2y il 483l S 13 L o o g A e sanall Lo 40l
L A el e gy

Mathematically,

R is P.O.R < R reflexive A anti symmetric A transitive

R is not P.O.R < R not reflexive v not anti- symmetric v not transitive.
Example: (HW.) Let A = {1,2,—3} be aset. Let

R1 = {(a,b)) € A X A:a = b}
= {(1.1),(2,2),(=3,-3),(1,-3),(2,1),(2,-3)}

R: = {(1,1),(2,2),(=3,-3),(1,2),(21)}
Ry = {(1,1),(22),(=3,-3)} = 14
Are (A,R1), (A,R;) and (A, R3) partially ordered sets?
Example: Show that (Z, >) is a partially ordered set
Solution: Let R be arelationsuchthat R = {(a,b) € Z X Z:a = b}
We must show R is reflexive, anti-symmetric and transitive
Reflexive: since a = a = (a,a) € R = R is reflexive
Anti Symmetric: let (a,b) € R A (b,a) € RT.P.a=b
—=a=2b=>a=r+b1r=0...(01)
And bza=b=s+as=20...(2)
Substitute (1) in(2)=b = s +r + b

=s+r =0 butr,s=>0=>r =s=20
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Substituter = 0in(l)=a =»> then R is anti-symmetric
Transitive: let (a,b) € R A (b,c) E R=a =bAb =>c
=a=2b=a=1r+br=>0...012)
And b>c=b=s+c¢s=20...02)
Substitute 2)in(1)=>a = (r + s) + candr + s =2 0
=a = ¢ = (a,c) € R= Ristransitive.

Remark: For any nonempty set A, the relation A X Aisnot P.O.R

Example: Let A = Zand R = Z x Z. Show that R is not P.O.R The
relation R is an equivalence relation = R is symmetric

= (a,b) € Rand (b,a) € RVa,b € R
Buta # b (in general) = R is not anti symmetric
= Risnot P.0.R

Example: (H . W.) LetA = ZandR1 = {(a,b) € Z X Z:a|b}

R; = {(ab) € Z X Z:a < b}

R3: = {(a,b) € Z X Z:a < b}

Ry = {(a,b) € Z X Z:a > b}
Show that (Z, a|b) is not a partially ordered set
Show that R; isP.0.R
Show that R; and R4 are not P.0.R
Example: (H .W.) Let X = {1,2,3}

andR = {(4,B) € P(X) x P(X):A € B}

Show that R is a partially ordered relation on P(X)

Definition: Let Rbea P.O.Ronaset Aand leta, b € A. Then a,b are
called comparable Gjad ol pmaie with respect to R if
(a,b) € Ror(b,a) € R.
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Mathematically,
a, b are comparable < (a,b) € R V (b,a) € R
a, b are not comparable & (a,b) € R A (b,a) € R

Example:

Let A = {1,2,3}, let R = {(1,1),(2,2),(3,3),(1,2),(3,1),(3,2)} be a
P. 0. R Find the comparable element in A with respect to R

1R 1 = 1,1 are comparable
2R2 = 2,2 are comparable
3R3 = 3,3 are comparable
1R2 = 1,2 are comparable
3R1 = 1,3 are comparable
2R3 = 2,3 are comparable

Example: (H. W.) Let A = {3,4,6,8,10} and R = {(a,b) € A X A: a |b}
Find the comparable element in A with respect to R.

2. Totally Ordered Relation W4 &b

A relation R on a set A is called totally ordered relation (T.0.R) or
totally ordering if

1.RisP.O.R
2. a, b are comparable Va,b € A
Al Al & J5all LB A 8 0 e S5 L A0 e A8l S 1 LIS A ja o A e ganall e 43La])
Example:
Let A = {1,2,—3} be a set.

LetR = {(a,b)) € A X A:a = b}
= {(1,1),(2,2),(=3,-3),(1,-3),(2,1),(2,-3)}
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Solution:
1. P.O.R: From Example, Ris P.O.R

2.Comparable: From reflexive relation, each element is comparable with
itself

(1,-3) € R = 1,—3 are comparable

(2,1) € R = 1,2 are comparable

(2,—-3) € R = 2,—3 are comparable

~ a, b are comparable Va,b € A

~RIST.0.R

Example: Show that (Z, >) is a totally ordered set

Solution:

P. 0. R: From Example, R isP.O0.R

Comparable: T.P.a = bV b = aVab € A

Letab € Z=a=bVa>bVb>a
=a=bVa=bVb=a
=a=>bVb=a

= aRb V bRa

. a, b are comparable Va,b € Z

~RIiST.0.R

Example: (H .W.) Show that (Z, <) is a totally ordered set .

Example: (H . W.) (R,<), (R,2), (Q,2), (@,2), (N,<), (N,>) are
totally ordered sets

Example: (H .W.) Give an example of a P.0.R thatisnot T. 0. R.
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