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CHAPTER Two
Set Theory e ganal) 4y ki

Contents:
1. Basic notion of sets e senall 2 5644
2. Subsets a5l cle el

3. Algebra of sets (union, intersection, difference, complement, symmetric
difference Gl geadl o Gllaall §f Gl ganall

Definition : Set  4s gasall

A set is an unordered collection of objects. The objects are called the
elements or members of the set.

Ao sanall i slisel f jualially gt 5 a5 4 prall LY (0 e (A Ao gand
Remarks:
1. The capital letters usually used to represents sets such as A, B, C,.. .etc.

2. The small letters such as a, b, c, d,...etc are used to represents the
members or the elements of the set.

3. Membership in a set is denoted as follows:

a € A denotes that a belongsto aset A

4. Non-membership to a set is denoted as follows:

a ¢ A denotes that a does belong to a set A
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Specifying a Set: de ganall o aadl) 3k

1. Listing members of a set: 4 saall 4

In this way, we list all non-repeated members of a set separated by
commas and contained in braces { }. The members are not in an order.

Gn el pall paliall gl PETRIA(INTY o Al Ak ) Adgasll gyl
Aa iyl A pe 80 o) By ¥ Ao senddl pualic Ly Juall Jual g de gane (gud

Example:

1.A = {1,2,-509}, B = {x,y,Ali, fish}, C = {z, ,z,,z3 } are sets
2. The set of vowel letters in English: V' = {a, e, i, 0, u}

3. The set of even positive numbers less than 8 is: W = {0,2,4,6}.

4. The set of positive numbers less than 50 is: K = {1,2, ...,49}

2. Listing a set property: dc ganall 8 jaeall ddall aladial

In this way, we state the property that characterize the elements in a set in
as follows: {x: p(x)}, where x is a variable and p(x) is an open sentence.
Example:

A={x:x € Q}

B = {x:x is poistive odd and x < 10 }={1,3,5,7,9}

C={x eN: — 3 < x <5}={1234,5}

3. Venn Diagrams: ¢ Glakie

ol 2 Akl o a2 e genall Jlay Blie inie Jah Ao pendl pualic pag ikl o
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Empty Set 4l de sandll
The set that contains no elements is called an empty set and is denoted by
{}ord.
Example:
A={x EN2<x<3}=90
B ={x € E:\/J_c=1} =0
C ={x € Nix < 0} = {}
Subsets: A all Sle sanal

The set A isasubset of aset B (A < B) if and only if every element of
A is an element of B. In other words,

ACBiff Yvx,x e A=>x €B

Remark: A is not a subset of B is denoted by AZB.
A & B ifandonlyif ~[Vx,x € A = x € B]
ifandonlyif 3Jx;x € AANx € B

Example: Consider the sets A = {2}, B = {1,2,3}and C = {4,5} and
D ={-21,2,3,4,5}.ThenAcB,.AcD,Bc Dand C C D. Itis true
that ACA,BSB,C<SC and DCD.
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Theorem: Let A, B and C be any sets, then

1.pcA

2.AC A

3.IfA € BandB < CthenA4d < C

Proofl: T.P® € A,ie, T.PVx € § > x € A
F = (TorF)=T

>0 C A

Proof2: T.PA € A,ie, T.PVx € A = x € A

T =T

Il
~

> ACc A
Proof3: T.PIfA € BandB < CthenA € C
T.PVx,x € A = x € C
SinceA € B=>Vx,x € A > x € B
And BC€c C=>Vx,x€EB =x€C
ThenVx,x € A >x € B> x €C
>Vx,x EA=>x€C 2ACcC
Proper Subset Adadl) 4 jnll de sandl

A set A is called a proper subset of B and denoted by ( A c B) if and only
if A € B and there exist an element x € B thatis x ¢ A.

e, A C Biff{(vx,x € A= x € BA{3y,y €E BAy & A}
Example: Consider the sets A = {2}, B ={1,2,3} ,ACB
since31€ B butlée A

Equal Sets 4y glasial) e panal

Two sets A and B are equal if they both have the same elements or,
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equivalently, if each is contained in the other.
A=BiffACBABCA

o {Vx,x €A > x € Bl A{Vx,x € B >x € A}
— {VXX€EB - x€C(}

Lemma: (H. W.) Prove that: A = A, for any set A.
Definition: Universal Set ALY A gazal)

Universal set I/ is the set that contains all the elements or the sets we have
under discussion.

U ool s A8l 4 Cle sanal gl jualinll e (5583 ) de el 8 AL e sandl
Example: Let A = {x,y,3}, B = {2,-5,100}, C = {2,3,1}
Find a universal set U.
Example: letA={x€R:2<x<5}andB={x€R:—-1< x <2}
Find a universal set U.
Definition: Family of Sets <ile sexall dlile
Family of sets is a set that have other sets as members.

e gane dlile g de gana W pualic (o juaie S 058 1 de sandll I

Example2.25:
1. A = {{1},{2}} is a family of sets
2. B = {@}is afamily of a set
3. X = {X}is afamily of a set
4. A = {{x},{y,z},{1,..,5}}
5.H = {A:Ais a subset of {1,2,3}}

6.K= (A : A, = {23,i= 123
l
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Definition: Power Set ¢/ ja¥) de saxa 5f (s ll de gane
Given a set X, the power set of X is the set of all subsets of X. The power
set of X is denoted by P(X).

el e 25 X J 6 e pama Ll X g il e gl JS e gand Jiy ey X S
P(X) etk

P(X) = {A:AC X}, A€ePX) ©AcCX

Example: Find P(X) for the following sets X:
1.X={1,2,3}, P(X) ={X, 0, {1}, {2}.{3}.{1,2},{1,3}.{2,3}}
2. X ={12,a}, P(X) = {0,X,{1},{2},{a},{1,2}, {1, a}, {2, a}}
3. X=1{0}, PX) ={0 X}
4. X = {{=2}3}, PX) = {0,X,{-2},(3}}
Remark:
1.Since X < X, then P(X) # 0.
2. If X is finite and has n elements, then P(X) has 2" elements.
Theorem: Let X,Y be any sets, then X C Y < P(X) € P(Y)
Proof: (=) LetX CYT.P P(X) C P(Y)
LetA € P(X)= A € X (By def. of P(X))
—SACYXCY)
= A € P(Y)
« P(X) € P(Y)
Proof: (&) Let P(X)S P(Y)ToProveX € Y
Letx € X={x} € X

= {x} € P(X)

={x}e P(Y) {P(X)C P(YV)}
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= {x}cY
=x €Y
~Xcy
Algebra of sets:
1. Union sy
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The union of the sets A and B, denoted by A U B, is the set of elements

which belong to A or to B.

B.ic sanall 5 A de sanall aii A paliallde pana 20 B s A (e sana 2

AUB ={x,x€AV x€ B}
XEAUB & x€AVxXx€ERB

x¢ AUB < x¢ ANx & B

U
A B

Union of sets

AUB

Example: LetA = {x € N:1 < x < 5}={1,2,3,4,5}
B ={x € N:8 < x < 12}={89,10,11,12}
FindAUB,BUA,AUA,andB U @

Solution:AUB =BUA={1,..,58,..,12}

AUA=A, BUp=RB

Example:(HW.) LetA = {x € R:—2 < x <5} =[-2,5],
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B ={x€ Ey?2—-16 =0}=1{4,—4}

C = {14}

FindAu(BUC),(AuB)uUC, P(B),P(C), P(BU (0
Definition:  Generalization of the union 3= s

Let Ay, Ay, ..., Ay, Ayyq .. b ANy sets. Then:

n
UA:=4,U 4,V ..U 4,
i=1
Gle ganall o (glia 22e A
UAi =A1U AzUU AnUAn+1
i=1

Gle ganall (o giie e a2 alad)

Example: Let H = {4;; A; = {2i + 3},i € Z}
Find Us_, A1, UL_; Ai
Solution:
UL, A= A1 U A, UA3U Ay

= {5} U {7} U {9} U {11} = {5,7,9,11}
U A=A_{UAyU A; U A, U As

={1} U {3} U {5} U {7} U {9} = {1,3,5,7,9}
Example: (H.W.) Let K = {A,; 4, = (—nm,n),n € N}
Find A1 U U, Ax
Example: (H.W.) LetK = {4,; A, =[n,n+10),n € Z}
Find UZ__, 4,

Example: (H-W.) Let K={4;;A; ={j +1,j+2},] EN}
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Find ULS An

Theorem: Let A, B and C any three sets. Then:

1. AU @ = A (Identity law)

2. AU A = A (Idempotent law)

3. AU U = U (Domination law)

4. (AUB)UC =AU (BUZOC HW)
5. AUB =B UA

6.A € B < AUB=B

7.A € AUB,B € AUB(HW.)

8. P(A) U P(B) € P(A U B)

Proof 1: ToproveAU® €S A AN ACAUQ

TPAUQ CA(T.PVx € AUP= x € A)

Letx € AUQP = x € AV x € @ (def. of U)

—=x € AV F

=x € A(p VvV F =p)

Letxe A== XeAVF(pVF=p)
= XEAVX EQ

= x € AU @ (def. of U)

From (1) & (2),AUD=A
Proof2: ToproveAUA €A N ACAUA

T PAUA CA(T.PVXxEAUA= x€A)

olsl > 0 -0l pu
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Letxe AUA=x€ A V x € A (def. of U)

= x€A(PVp=p

letxeA=x€AV xeA(PVp=p

= x € AU A (def. of U)

From(1) & (2),A U A = A
Proof 3: Toprove AUU S U A UCSAUU
TPAUUCU(T.PVxeEAUU = x€el)
Letxe AUU=x€ AV x €U (def. of U)
=x eUVx eU( c U

= x eU

Letx eU=x eUVvx € A(TVp=T)

= x €A U U (def. of U)

From(1) & (2),AuU=U

Proof5: Toprove AUBSBUA AN BUACAUB
TPAUBCBUA

Letxe AUB=x € AV x € B (def. of U)

= x € BV x € A(V iscommutative)

x € BUA (def. of U)

Similarly, showthat BUAC AUB (H. W.) ...ccvvenvenene. (2)

10
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From (1) & (2), AUB =B UA

Proof 6: ToproveA € B < AUB =B

(=)IfASBT.PAUB =B

TPAUBCSB A BSCAUB

Letx € AUB=x €A V x € B (def. of U)
—=xE€EBVXxEB(A S B)

—=x€B(PVP =P)

Similarly, showthat B S AUB (H. W.) ..ccoeevvne (2)

From (1) & (2, AUB =B

(<=)ifAUB=BT.P ACB

Letxe A

= x € AU B (def. of U)

= x€B(AUB =B)

~ACB

Proof 8: T.P P(4) U P(B) S P(4 U B)

LetX € P(A) U P(B) ToproveX € P(A U B)

X € PA)UP(B)= X € P(A) V X € P(B) (def. of L)
=X C AV X S B (def. of P(A))
=X C (A U B) (def. of U)
= X € P(A U B) (def.of P(A U B))

+P(A) U P(B) € P(A U B)

11
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2. Intersection el

The intersection of the sets A and B, denoted by A N B, is the set of
elements which belong to both A and to B.
b e peaall A (a5 ) pualiall o gana (A A 5 B (e sana (bl
ANB ={xx € ANXx € B}
x€EANB SxeANx E€B

x &€ ANB & x¢& AVx ¢&B

U /(\

Example: Let A = [2,9], B =(514], C =(812)
FindAnB, An®, BNnB, BNnC, AnC, (AnB)U(BNC)

Definition: Generalization of the intersection gl wei | et

A, Ay, ..., Ay, Apyq .. be any sets. Then:

n
NA=AinANn.NA={xx€AVi=12,...,n}
i=1
Ale ganall (o (oie 2 adal
In general,
NMA=A1NAN..N AN An+1...= {x,x € A; Vi}
i=1

e g e fhlE

12
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Example: Let X = {4; ; A={1,2,3,...,i }; i € N}
Find (U= 4i ) N (N= Ai)

Solution: A, = {1}, A, ={1,2},... A5 = {1,2,3,4,5}
Ui A=A U Ay UAs UA, U Ag ={1,2,3,4,5}

N, A =A; NA; N A3 N Ay N As= {1}

Uy 40 N (NEy 4) = {1,2,3,45} n {1} = {1}
Example: (H.W.) LetX = {4,; 4, = {n® + 1}; n € Z}
Find Np—_3 An, Ngq An, P(U3_; 4y)

Example: (H.W.) LetX = {4,; 4, = {n—2,n—1,n}; n € N}
Find Ny An, Uszq An

Theorem: Let A, B and C any three sets. Then:
1.ANG =0 (HW. (Domination law)

2.ANA=A (HW. (Idempotent law)

3.An U = A (ldentity law)

4 ANB)NC=An(BnC

5. AnB = B n AHW.)
6.ANBUC=(ANB)UANC)
7AUBNCO=(AUB)NAUC) (HW)

8. ANBCA,AnB € B(HW,)

99A € B AnB=4

10. P(A) N P(B) = P(A N B) (H.W.)

Proof : TPANUCANACANU

Assumethat x e ANU=x€AANXx€EU

13
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Letx € ATPxedAnU

x EA=x€ANxeU [AcCU]

From(1) & (2),AnU=A

Proof 4:

Letxe (ANB) N C=x€ (ANB) A x € C (def. of N)
& (x€EAANXxEB) AN x € C (def. of N)
©x€EAN(XEB AN x € C)(Aisassoc.)

©x €ANx € (BN C) (def. of N)

©x € An(Bn C) (def. of N)

~(ANB) N C=ANn (BN C)

Proof 6:

LetxeAN(BUC)© x €A A x € BUC (def. of N)
©Sx€AN(x€EBV xeC) (def. of U)
©(x€eEANXxEB)V(x €A Ax € () (distribute A on V)
xEANB)Vxe(ANCeoxe(ANnB)U (A n C) (def. of L)
Proof9: TPAC B ANB = A
(=)SupposeA € BTPANB S AANACSANB
LetxeA N B=x € A A x € B(def.ofN)

—=>x €E€EBANXx€EB =x€B

“ANBCA ... (1)

Lletx e A=>x € AN x € B[ACB]

14
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From(1) &(2), ANB=A
(e)LetANB =AT.PA< B(H. W)

3. The Complement 4laSall gi daaiall

Let U be a universal set and A be any subset of U. The complement of a
set A, denoted by A€ , is the set of elements which belong to U but do not
belong to A.

A.

Ac = {x,x e U ANx & A} = U\A

X €A S x g A

X EA &S x & A

Example: LetU=2Z, A= {-1,0,1}. Find A¢ .
Solution: A¢ = Z\A

Example: Let U =10,8),A ={1,2}. Find A¢ .
Ac=[0,1) U (1,2) U (2,8)

Example: Let U = {1,2, ...,10},

A={x e N:1 < x < 3}={1,2,3}

B={x € N:8 < x < 10} ={8,9,10}
C={x€eN:1<x <2} ={12}

Find AC , B¢ ,C¢ ,(AUB), (4 n C), (C U B)

15
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Theorem: Let A and B any two sets. Then:
1.o¢=U, U= 0

224N A= ¢ (HW), ACUA=U, =4 (H W)
3.(A U B)C = AC N B¢

4.(A n B)t = AC U B¢ (H. W.)
5.AC B & B¢ CAC (H. W)
6,ACBSANBC =0
Proof 1: T.P@¢ = U

Assume that @€ #U s e (la

dx,x EOCAN x& U

X EQC=x € UNx & @(def. of @)

=x € U Cl! vl g gl

~ g =1U

Proof1: T.P UC = ¢

Assume that UC # @ il e

dx, xEUA x&Q

XEUC=x € UNx ¢ U Cl (ol peals
~UC= 0

Proof2: T.PACU A =U

Assumethat ACU A # U ilw e ol

x,x EACU AAxe&U ...... (*)

X EACU A= x € ACvx € A(def. of U)

If x € A= x € UAx & A(contradiction withx ¢ U in¥)

16



olsl s o -0lusly
wbe b x5
2026 — 2025

Foundation of Mathematic

If x eA=x € UAx & A¢(contradiction with x & U in *)
~ACUA=U

Proof3: T.P (A U B) = ACn B¢

x €E(A U B) & x & (A U B) (def of complement)

Sx €A Ax € B) (def of U)

& x € A A x € BC (def. of AC)

& x € A€ N B¢ (def. of N)

Proof6: (=)LetA € BT.PA N B¢ = ¢

Assumethat A n B¢ #@ =8l ydae e o
dx,x €EA N B¢ =x €AN x € B¢
= x €EB A x € B¢ (byhypo. A S B) = =i
~ANBC=¢
()LetAN B =@ TP ACB
Letx e A= x & B¢ (byhypo. A N B¢ = Q)
= x € B (def. of BC)
~ACSB

4. Difference or relative complement : A o Al

Let A and B are two sets. The difference between A and B, denoted as
A — Bor A\ B, is the set of elements which belong to A but do not
belong to B.

B e A dlad lgh B ) duciia pe 5 A ) Apeial) pualiall de gandd i
A—-—B ={xx € ANy & B} = A\B
x€EA-BoSx €eANx & B

x¢A —-Be<x €AV x € B

17
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Example:LetA = {x € Z:x = 1} = N
B={x€R:x24+3=0}=2¢0
C={x€Z —3<x <4} ={-2-1,..4}
D={x€0:y2—-9=0}={3-3)

Find AAD,B-B,C\(AND), (BUA)\C, (CuA\BND)H. W)
Solution: A\D = N\{3, -3} = N\{3}

Theorem: Let A,B and C any three sets. Then:
1L.A\A=0, AU = 0 (H. W)

2.A\G = A, ,0\A= 0 (H. W)

3.\B € 4,B\4 € B (HW)

4.A € Bs A\B = ¢ (H. W)

5,A\B N B=0

6,ANB =0 AB =AAB\A = B

7.A\(B U C) = A\B N A\C (H.W.)

8.A\(B n C) = A\B UA\C

9.\A¢ = A, A\A = A¢ (H. W.)

Proof 5: Assumethat AAB N B # @ ik« e ooy
dx,x eAAB N B=x € AABA x€B

= (x € AANx & B) A x € B (def. of difference)
=x € AAN(x € BAx€E B)(Aisasso.)

=X €EANF= &E(PANF=F)
~ABNB=%0®

Proof6: (=)LetA N B =9 T.P AB=A A B\A= B
Letx e AA\B< x €A A x & B (def. of\)

18
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< x €A AT (by hypo.)

Sx €EAP AT = P)

~A\B = A

Similarly, one can prove that B\A = B
(e)LetAAB=A A B\A= BT.PANB = ¢
Assume that A N B # @ gl e

dx,x € AN B=x € AN Xx €B(def. of N)
= 3x,x EA\BAX €B (A\B = A)
=3x,(x € A Ax ¢ B) ANx €B

=3x,x € A N(x € B AN x € B) (Aisasso.)
= 3x, x € A NF=PAF =F =

~“ANB =0

Proof8: T.P A\(B n C) = A\B U A\C

letx eAAN(BNC)e=x €eAN x¢& (B n C) (def. of\)
S x EAN(XEBV x &) (def. of N)

S (x EANXEB)V(x EAANXED)

& x € A\B V x € A\C (def. of\)

& x € A\B UA\C

~A\(B n C) = A\B UA\C

5. Symmetric Difference B G

The symmetric difference between two sets A and B is denoted by AAB
and is defined as:

AAB = (A\B) U (B\A)
=(AUB)\(ANB)

19
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Example: LetA = {x € E: —8 < x < 9} = {-8,-6,...,0,2, ...

B = {1,246} Find AAB

Solution:
AAB = (A\B) U (B\A) = {-8,-6,...0,6,8} U {1}

Theorem: Let A, B and C any three sets. Then:
1. AMM=¢ (HW.),AAD = A

2. AAB = BAA

3AAB=¢ < A=B

4. AN(BAC) = (AA B)AC

5.AN (BAC) = (AN B)A(ANC)

Proof L: T.PAAG = A

Letx e AAD & x € (A\® U Q\A) (def. of A)
ox e APV x e\

x EAU QD (A\D® = A,0\4 = 0)

=x €A

~AAD =A

Proof 2: T. P AAB = BAA

Letx € AAB < x € (A\B) U (B\A) (def. of A)
& x € (B\A) U (A\B) (Uiscomm.)

& x € BAA

~ AAB = BAA

Proof3: AAB=0 < A= B
(=)letAAB=9¢T.PA= B

Suppose A # B=3Ix,x € AANx &€ B

20
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= dx,x € A\ B (def. of )
—3x, xEAABVXxEBA (TVP=T)
= 3x, x € (A\B U B\A) (def. of U)
= Ix,x € AAB # @ contradiction =i
~A=B
(&)suppose A= BT.PAAB =0
AAB = A\B U B\A (def. of A)
=A\A U AAA (A= B)
=pup=0

21



