2- Gamma distribution
Def : If <> 0, we define the gamma function T, = f0°< y*~le™Vdy

Properties of gamma function :

1- Tia+1) == Ik
2- If o is positive integer then [(,,1) = |

3- T =2 fooo x2l e 2y

4- i =+m
2
Note :
1- fx=1 =T(«) = [ y*tdy =1

N
1

If «>1=mn, =(@-r) foocy“‘ze‘ydy = (¢~ = g(x) = (x
—1)!
Def : the continuous r.v X is said to have a gamma distribution with parameters «

B > 0 denoted as x~G (c, B) if the p. d. f of x is f(x) = {W"

0 o.w

x-1 o=%/B x>0

Properties of gamma distribution: -

1- The m. g. f of the distribution is M, (t) = (1 — Bt™) , t < -

B
Proof : M,.(t) = E(e'¥) = foooetx f(x)dx = foooetx%x“‘l e Bdx
x B%

x Btx—x
_ 1 © w1 tx— =2 _ 1 © a1
o J, x* e ﬁdx—ro(ﬁo(fox e B dx

1-Bt
=L [Pyl o0 gy

Focﬁoc 0
. _y(1-Bt _ B _ B

Patting y=X 5 ) > x = Pl dx = Py dy

_ 1 By 1 o, B
Mx(t)_rw(x fO 1—Bt] € 1-PBt dy

- _1 B
Foepxc (1-Bt)™

[ e y*~t dy

_ 1 B \* _ 1 o
Ty p (1—31:) l _(1—Bt)°‘_(1 Bt)
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2- M, =EX) =« f3
3- 6x? = ver (x).«x B? prove it

k
4- the k'™ moment about origin is E(x*) = % k=123, ..

proof : E(x*) = f x f(oc)dx—f xk —— x*"1eb dx

ocﬁ’“

1 _ —
— fooxk+o< 1o x/B dx
Focﬁ“ 0

Letyzg >x=By =2dx=pdy
EGH) = [y (B e (Bdy)

1 o - - S8 - -
=m Boc+kf0 yo<+k 1e ydy fo yoc 1o ydy:F(oc)

T
BB oty = & ;k k=12, ...

oc,Boc
Ex: use the formula of (x*) , to find p, , 6x?

Solution : putting k = 1 then

E(X) :Mx Br;::l — Bcl’f:oc ——— B

Putting k = 2 ,we get

E( 2) B> F(c><+2) BZ(OC‘l'l}iF(ocH)

_ Bz(oc-;l) o _ BZ o (oc _|_1)
6x? = var (x) = E(x?) — [E(x)]?
= BZ (0( +1) X — BZ o2

ZBZOCZ-l-BZOC—BZOCZ:OCBZ
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3- the chi square distribution

The chi square distribute on is as pecial case of gamma distribution which «=

and B=2 where ris positive integer . Hence the p.d.f of the r. v. X is

r —-X
1 771 o2

f(x)= 72" :
0 o.w

, x>0

and we write x~ x2 (r) where r is the number of degrees freedom representing the
parameter of the distribution .

properties :-
the properties of chi square dist are the same of properties of gamma dist when o

=~ ,B=2 thatis -

1) M,(t)= (1 - Zt)_r/z

)M, =E(x)=.2=r

3) Var(x) = 6x? ( ) = 2r
. 2k r(;+k)

4) E(x*) = o k=

2

4-Beta distribution
Def :- If «> 0, > 0, we define the Beta function as

B (o, B) = [ x<71(1—x)P ! dx

It can be show that B (e, B) = F“FB

, X, B>0

Def :- the continuous r. v. X is said to have a Beta distribution denoted as x ~ 8 (x

°‘+B x%=1 (1-x)B-1 o< x<1

B) Ifthe p. d. fof xis £(x) = {

0 o.w

Properties :-

T (eworrTac
1) The k™" moment a bout origin is E (x*) = &l 11— 9 5
Lol kot B)
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Proof: E (x¥) = [ x* f(x)dx = =22 [1x*1=k=1 (1 — x)P~1dx
x! B

_Te+p Tutklp FMFB]
- Y — o< =
Fo(FB l-‘<>(+k+B B( ’ B) 1-‘oc+[3

_ Fa+B Ttk
Fo Tkt p

2) From the above formula , the mean and variance of the distribution can be
derive as follows - putting k=1 we obtain

E(x) — M. = Fot1locrp Tt
x [ Toc+B+1 Toc(o¢+B) et

[since Ty 1 = < I']
=
o+

x =

. _ 2y _ Tag2lorp (x+1)xTolocq B
Putting k=2 we get E(x*) = Tolot B2 Tu(ct PAD(tB)lorg

o (oc+1)

= (c+B+1)(x+B)

Var (x) = fxz =E(x*) - [EM™)]?

_ o« (x+1) _ oc? _ o (oc+1) (oc+B)—oc? (x+B+1)

T (cHBHD(cHB) (B (oc+B)2 (oc+B+1)

_ o3 +oc? B4oc? +ocf—oc3 —oc? f—oc? _ B

- (oc+B)2(<+B+1) - (c+B)2(x+p+1)

. J-Z _ OCB
Tx T (c+B)2(x+B+1)

5- The normal distribution
A continuous r.v X is said to have normal distribution with parameters M , 62

-1 x—M,,
denote , as x~N(M, §2) if the p. d. f of x is £ (x) = ezCs)

o< x <
2w 52

Proportion :-

1) The M. g. f of normal dist. Is M,.(t) = e 2~
Proof :- M, (t) = E(e™) =

1 o0 -1 XMy
T e er Do) dx
=
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