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2- Gamma distribution  

Def : If ∝> 0 , we define the gamma function Γ∝ = ∫ 𝑦∝−1𝑒−𝑦𝑑𝑦
∝

0
  

Properties of gamma function : 

1- Γ(𝑎+1) =∝ Γ∝ 

2- 𝐼𝑓 ∝ 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑡ℎ𝑒𝑛 Γ(∝+1) = ∝ ! 

3- Γ∝ = 2 ∫ 𝑥2∝−1∞

0
𝑒−𝑥2𝑑𝑥 

4- Γ1

2

 = √𝜋 

Note : 

1- If ∝= 1 ⇒ Γ(∝) = ∫ 𝑦𝑒
∝−1∝

0
𝑑𝑦 = 1 

2- If ∝> 1 ⇒ 𝜋(𝑥) = (𝑎 − 𝑟) ∫ 𝑦∝−2𝑒−𝑦𝑑𝑦 = (∝ −1)𝜋(∝−1)∝

0
=  𝜋(∝) = (∝

−1)! 

Def : the continuous r.v x is said to have a gamma distribution with parameters ∝

, β > 0 denoted as x~G (∝, β) if  the p. d. f of x is 𝑓(𝑥) =  {
1

Γ∝β∝ 𝑥∝ −1  𝑒−𝑥 β⁄  ,𝑥 > 0

0                              0.𝑤
  

Properties of gamma distribution: -  

1- The m. g. f of the distribution is 𝑀𝑥(𝑡) = (1 − β𝑡−∝) , 𝑡 <  
1

𝛽
  

Proof : 𝑀𝑥(𝑡) = 𝐸(𝑒𝑡𝑥) = ∫ 𝑒𝑡𝑥 𝑓(𝑥)𝑑𝑥 =  ∫ 𝑒𝑡𝑥 1

Γ∝ 𝛽∝
𝑥∝ −1 𝑒

−𝑥

𝛽 𝑑𝑥
∞

0
 

∞

0
 

= 
1

Γ∝ 𝛽∝
  ∫ 𝑥∝−1𝑒

𝑡𝑥−  
𝑥

𝛽 𝑑𝑥 =  
1

Γ∝ 𝛽∝
 ∫ 𝑥∝−1∞

0
 𝑒

β𝑡𝑥−𝑥

β  𝑑𝑥  
∞

0
 

= 
1

Γ∝ 𝛽∝
 ∫ 𝑥∝−1  𝑒

−𝑥(
1−β𝑡

β
)
 𝑑𝑥

∞

0
 

Patting y=x(
1−β𝑡

β
)  ⇒ 𝑥 =  

β

1−β𝑡
 𝑦, 𝑑𝑥 =  

β

1−β𝑡
𝑑𝑦                                                          

𝑀𝑥(𝑡) =
1

Γ∝ 𝛽∝
 ∫ [

β𝑦 

1−β𝑡
]

∝−1
 𝑒−𝑦  

β

1−β𝑡
 𝑑𝑦

∞

0
      

= 
1

Γ∝ 𝛽∝
    

β∝

(1−β𝑡)∝
   ∫ 𝑒−𝑦 𝑦∝ −1  𝑑𝑦

∞

0
 

=
1

Γ∝ 𝛽∝
  (

β

1−β𝑡
)

∝
 Γ∝   = 

1

(1−β𝑡)∝
= (1 − β𝑡)−∝ 
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2- 𝑀𝑥 = E(x) = ∝ β  

3- 𝛿x2 = ver (x). ∝ B2                 prove it  

4- the 𝑘𝑡ℎ 𝑚𝑜𝑚𝑒𝑛𝑡  𝑎𝑏𝑜𝑢𝑡 𝑜𝑟𝑖𝑔𝑖𝑛 𝑖𝑠 𝐸(𝑥𝑘) =  
β𝑘 Γ∝ + 𝑘

Γ∝
 , 𝑘 = 1,2,3, …  

proof : E(𝑥𝑘) = ∫ 𝑥𝑘 𝑓(∝)𝑑𝑥 =  ∫ 𝑥𝑘  
1

Γ∝ 𝛽∝

∞

0
 𝑥∝ −1 𝑒

−𝑥

β  𝑑𝑥 
∞

0
 

= 
1

Γ∝ 𝛽∝
 ∫ 𝑥𝑘+ ∝ −1 ∞

0
 𝑒−𝑥 β⁄  𝑑𝑥  

Let y= 
𝑥

β
 ⇒ 𝑥 = β𝑦 ⇒ 𝑑𝑥 = β 𝑑 𝑦  

E(𝑥𝑘) =
1

Γ∝ 𝛽∝
  ∫ (β𝑦)∝ +𝑘−1 𝑒−𝑦 (β 𝑑 𝑦)

∞

0
      

= 
1

Γ∝ 𝛽∝
 β ∝ +𝑘 ∫ 𝑦∝+𝑘−1∞

0
𝑒−𝑦𝑑𝑦                                 ∫ 𝑦∝−1∞

0
𝑒−𝑦𝑑𝑦=Γ(∝) 

= 
1

Γ∝ 𝛽∝
 β∝β𝑘Γ(∝+𝑘) =  

β𝑘Γ∝+𝑘

Γ∝
                         , 𝑘 = 1,2, …. 

Ex: use the formula of (𝑥𝑘) , to find 𝜇𝑥 , 𝛿𝑥2 

Solution : putting 𝑘 = 1 𝑡ℎ𝑒𝑛 

E(x) =𝑀𝑥  
βΓ∝+1

Γ∝
=  

β∝Γ∝

Γ∝
= ∝ β  

Putting 𝑘 = 2 , 𝑤𝑒 𝑔𝑒𝑡  

E(𝑥2) =
β2 Γ(∝+2)

Γ∝
=  

β2(∝+1)Γ(∝+1)

Γ∝
  

= 
β2(∝+1) ∝Γ∝

Γ∝
=  β2 ∝ (∝ +1)                                                                                         

𝛿𝑥2 = 𝑣𝑎𝑟 (𝑥) = 𝐸(𝑥2) − [𝐸(𝑥)]2 

= β2 (∝ +1) ∝  − β2  ∝2 

= β2 ∝2+ β2 ∝ −β2 ∝2= ∝ β2 
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3- the chi square distribution  

The chi square distribute  on  is as pecial case of gamma distribution which ∝=
𝑟

2
 

and B=2 where ris positive integer . Hence the p.d.f of the r. v. x is  

f(x)= [

1

Γ𝑟
2

2𝑟 2⁄     𝑥
𝑟
2

−1 
  𝑒

−𝑥
2  ,   𝑥 > 0

0                     0.𝑤
 

and we write x~ 𝑥2 (𝑟) where r is the number of degrees freedom representing the 

parameter of the distribution . 

properties :-  

the properties of chi square dist are the same of properties of gamma dist when ∝

 =  
𝑟

2
 , β = 2  that is :-  

1) 𝑀𝑥(𝑡) =  (1 − 2𝑡)
−𝑟

2⁄   

2) 𝑀𝑥 = 𝐸(𝑥) =  
𝑟

2
 .  2 = 𝑟  

3) Var(x) = 𝛿𝑥2 = (
𝑟

2
) 22 = 2𝑟 

4) E(𝑥𝑘) =  
2𝑘 Γ

(
𝑟
2

+𝑘)

Γ𝑟
2

 , 𝑘 = 1,2, ….  

4-Beta distribution  

Def :- If ∝> 0 , β > 0 , we define the Beta function as  

β (∝, β) =  ∫ 𝑥∝−1(1 − 𝑥)β−1 𝑑𝑥
1

0
  

It can be show that β (∝, β) =  
Γ∝Γ𝐵

Γ∝+𝑟𝑠
 , ∝ , β > 0  

Def :- the continuous r. v. x is said to have a Beta distribution denoted as x ~ β (∝

 , β) If the p. d. f of x is 𝑓(𝑥) =  {

Γ∝ +β

Γ∝Γβ
 𝑥∝−1 (1−𝑥)β−1 ,0< 𝑥<1 

0             0.𝑤
   

Properties :-  

1) The 𝑘𝑡ℎ moment a bout origin is 𝐸 (𝑥𝑘) =  
Γ(𝑘+∝)Γ(∝+𝐵)

Γ∝Γ(𝑘+∝+𝐵)
 , |𝑘 = 1, 2, … 
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Proof: 𝐸 (𝑥𝑘) =  ∫ 𝑥𝑘 𝑓(𝑥)𝑑𝑥 =  
Γ∝ +𝐵

Γ∝Γ𝐵
  ∫ 𝑥∝1− 𝑘−1 (1 − 𝑥)β−1𝑑𝑥

1

0

1

0
 

= 
Γ∝ +β

Γ∝Γβ
   

Γ∝+𝑘Γβ

Γ∝+𝑘+β
     [β(∝, β) =  

Γ∝Γβ

Γ∝+β
]   

= 
Γ∝+𝐵 Γ∝+𝑘

Γ∝ Γ𝑘+∝+β 
 

 

2) From the above formula , the mean and variance of the distribution can be 

derive as follows :- putting k=1 we obtain                                                        

𝐸(𝑥) =  𝑀𝑥 =   
Γ∝+1Γ∝+β

Γ∝Γ∝+β+1
=   

∝Γ∝Γ∝+β

Γ∝(∝+β)Γ∝+β
 [𝑠𝑖𝑛𝑐𝑒 Γ∝+1 = ∝ Γ∝]                 

𝑀𝑥 =
∝

∝+β
  

Putting k=2 we get 𝐸(𝑥2) =  
Γ∝+2Γ∝+β

Γ∝Γ∝+β+2
=   

(∝+1)∝Γ∝Γ∝+β

Γ∝(∝+β+1)(∝+β)Γ∝+β
  

= 
∝(∝+1)

(∝+β+1)(∝+β)
 

Var (x) = ∫ = 𝐸(𝑥2) − [𝐸(𝑥)]22

𝑥
 

= 
∝(∝+1)

(∝+β+1)(∝+β)
− 

∝2

(∝+β)2
=  

∝(∝+1)(∝+β)−∝2(∝+β+1)

(∝+β)2(∝+β+1)
 

= 
∝3+∝2β+∝2+∝β−∝3−∝2β−∝2

(∝+β)2(∝+β+1)
 = 

∝β

(∝+β)2(∝+β+1)
                                                                          

∴ ∫ =  
∝β

(∝+β)2(∝+β+1)

2

𝑥
          

5- The normal distribution  

A continuous r.v x is said to have normal distribution with parameters M , 𝛿2 

denote , as x~N(𝑀, 𝛿2) if the p. d. f of x is 𝑓(𝑥) =  
1

√2𝜋 𝛿2
 𝑒

−1 

2
(

𝑥−𝑀

𝛿
)2

   -∞ < 𝑥 < ∞ 

Proportion :-  

1) The M. g. f  of normal dist. Is 𝑀𝑥(𝑡) =  𝑒𝑀𝑡 
𝛿2𝑡2

2  

Proof :- 𝑀𝑥(𝑡) = 𝐸(𝑒𝑡𝑥) =  
1

√2𝜋𝛿2
 ∫ 𝑒+𝑥 𝑒

−1

2
    (

𝑥−𝑀

𝛿
)2

 𝑑𝑥
∞

−∞
 


