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[ since ,w. v are  indep. ]  but W~N(0,1) , E(W)=0    hence E(t)=0 , E (
1

√
𝑟    

𝑟  
 
) = 0   

the variance of distribution is derived as follows var (t) = E(𝑡2) − [𝐸(𝑡)]2 = 𝐸(𝑡2)      

var (t) = E[
𝑤

√
𝑟

𝑟
    

]

2

= 𝐸 [
𝑤2

𝑣

𝑟

] = 𝐸(𝑤2)𝐸 (
1
𝑣

𝑟

)  

since W~N(0,1) then E(𝑤2) = 𝑉𝑎𝑟(𝑤) + [𝐸(𝑤)]2 = 1  

var(t)= 1.E(
1
𝑣

𝑟

) = 𝑟 𝐸 (
1

𝑉
) 

but V~𝑥2(𝑟) then E(
1

𝑉
) =  ∫

1

𝑉
 

1

Γ𝑟
2

2
𝑟

2⁄
 𝑣

𝑟

2
−1𝑒

−𝑣

2 𝛿𝑣
∞

0
  

= 
1

Γ𝑟
2

2
𝑟

2⁄
  ∫ 𝑣−1 𝑣

𝑟

2
−1𝑒

−𝑣

2  𝛿𝑣 =
1

Γ𝑟
2

2
𝑟

2⁄
  ∫ 𝑣

𝑟

2
−2𝑒

−𝑣

2   𝛿𝑣
∞

0

∞

0
 

Putting Z=
𝑣

2
 ⇒ 𝑣 = 2Z ⇒ 𝛿𝑣 = 2𝑑Z                      𝐸 (

1

𝑉
) =

 
1

Γ𝑟
2

2
𝑟

2⁄
 ∫ (2Z )

𝑟

2
−2 𝑒−Ƶ  2𝑑Z 

∞

0
 

= 
2

𝑟
2

−2
        2

Γ𝑟
2

2
𝑟

2⁄
        ∫ Z

𝑟

2
−1−1     𝑒−Z  𝑑Z 

∞

0
 

= 
1

2Γ𝑟
2

   Γ𝑟

2
−1 = 

1

2(
𝑟

2
−1)Γ𝑟

2
−1

  Γ𝑟

2
−1  

= 
1

2(
𝑟

2
−1)

 = 
1

𝑟−2
  

Var(t)= r  E(
1

𝑣
) = 

𝑟

𝑟−2
   

(7) The  F distribution  

Let 𝑥1 ~ 𝑥2(𝑛1) is independent from 𝑥2 ~ 𝑥2(𝑛2) then the ration f= 
𝑥1 𝑛1⁄

𝑥2 𝑛2⁄
 is said to 

have an  F  distribution with 𝑛1 , 𝑛2 degrees of freedom the p. d. f  of the 
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distribution is :- 𝑔(𝑓) =  
√

𝑛1+𝑛2
2

Γ𝑛1
2

Γ𝑛2
2

  (
𝑛1

𝑛2
)

𝑛1
2   

𝑓
𝑛1
2

−1

[1+ 
𝑛1
𝑛2

 𝑓 ]

𝑛1+𝑛2
2

  , 𝑓 > 0  and we say that 

f~F(𝑛1, 𝑛2) the mean of the distribution is given by 𝜇𝑓 = 𝐸(𝑓) =  
𝑛2

𝑛2−2
  , 𝑛2 > 2  

Proof :- 𝐸(𝑓) = 𝐸 (
𝑥1 𝑛1⁄

𝑥2 𝑛2⁄
) =  

1

𝑛1
1

𝑛2

 𝐸 (
𝑥1

𝑥2
)   

= 
𝑛2

𝑛1
  𝐸(𝑥1) 𝐸(

1

𝑥2
)   

Since 𝑥1 ~𝑥2(𝑛1), 𝑥2~ 𝑥2(𝑛2) , then E(𝑥1) = 𝑛1                                                       

𝐸(𝑓) =
𝑛2

𝑛1
 𝑛1 𝐸 (

1

𝑥2
) = 𝑛2𝐸(

1

𝑥2
)                                                                                     

𝐸 (
1

𝑥2
) =  ∫

1

Γ𝑛2
2

 2𝑛2 2⁄    𝑥.
1

𝑥2
    𝑥2

𝑛2
2

−1 𝑒
−𝑥2

2   𝑑𝑥2
∞

0
      

= 
1

Γ𝑛2
2

 2𝑛2 2⁄    ∫ 𝑥2

𝑛2
2

−1−1𝑒
−𝑥2

2
∞

0
𝑑𝑥2                                                                                    

Z =
𝑥2

2
 ⇒ 2Z = 𝑥2 ⇒ 2𝑑Z = 𝑑𝑥2 

= 
1

Γ𝑛2
2

 2𝑛2 2⁄    ∫ (2Z)
𝑛2
2

−2∞

0
 𝑒−Z2𝑑Z 

= 
1

Γ𝑛2
2

 2𝑛2 2⁄  2
𝑛2
2

−2          .2 ∫ Z
𝑛2
2

−2  𝑒−Z𝑑Z
∞

0
 

= 
1

2Γ𝑛2
2

       Γ𝑛2
2

−1             Γ𝑛2
2

−1 

= 
1

2(
𝑛2
2

−1)
   Γ𝑛2

2
−1         Γ𝑛2

2
−1   =  

1

𝑛2−2
                                                                           

𝐸(𝑓) = 𝑛2   𝐸 (
1

𝑥2
) =  

𝑛2

𝑛2−2
 , 𝑛2 > 2                     

The variance of the distribution is var(f)=2 𝑀 2
𝑓

𝑛1+𝑛2−2

𝑛1(𝑛2−4)
 , 𝑛2 > 4 

Problems :-  
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(1) Let   t be ar.v with p. d. f   𝑔(𝑡) = 𝑐 [1 +
1

5
 𝑡2]

−3
 find the value of c such 

that the r. v. follows t distribution  

(2) Let the r. v. t~𝑡(1)show that the C.D.F of  t  is F(t)=0.5 + 
1

𝜋
= tan−1 𝑡  

(3) Let t=
𝑤

√𝑣 𝑟⁄
 , where w~𝑁(0,1) and v~𝑥2(𝑟) show that T2 has an F  

distribution with parameters  𝑟1 = 1 , 𝑟2 = 𝑟  

(4) Let  f  has  F  distribution with parameters 𝑟1 , 𝑟2 prove that    
1

𝑓
    has an  F  

distribution with parameters 𝑟2 and 𝑟1  

 

3)Distribution of sample mean and sample variance  

(1) the distribution of𝑥̅   :- let 𝑥𝑖 , 𝑖 = 1,2, … , 𝑛      be a r.vs from N (𝑀,𝛿2) the 

distribution 𝑥̅ is derived by using the m.g.f as follows :                                         

𝑀𝑥̅ (𝑡) = 𝐸(𝑒𝑡𝑥̅) = 𝐸 (𝑒𝑡 
∑ 𝑥𝑖

𝑛 ) = 𝐸(𝑒
𝑡

𝑛
(𝑥1+𝑥2+⋯+𝑥𝑛)

 

= E(𝑒
𝑡

𝑛
𝑥1) 𝐸 (𝑒

𝑡

𝑛
𝑥2) … 𝐸(𝑒

𝑡

𝑛
𝑥𝑛) 

=  𝑀𝑥1
(

𝑡

𝑛
) 𝜇𝑥2

(
𝑡

𝑛
) … 𝑀𝑥𝑛

(
𝑡

𝑛
)  

Since each of 𝑥1, 𝑥2, … , 𝑥𝑛 distributed N (𝑀,𝛿2) then 𝑀𝑥
(𝑡) = 𝑒𝑀 𝑡+

𝛿2𝑡2

2                     

𝑀𝑥̅(𝑡) = [𝑀𝑥(
𝑡

𝑛
)]

𝑛
= [𝑒𝑀

𝑡

𝑛
+

𝛿2(
𝑡
𝑛

)2

2 ]

𝑛

= 𝑒𝑀𝑡+

𝛿2

𝑛
𝑡2

2    which is similar to the m. g. f  of 

normal dist. With mean  M and variana 
𝛿2

𝑛
  𝑥̅ ~𝑁(𝑀 ,

𝛿2

𝑛
)      𝑓(𝑥̅) =

1

√2𝜋
𝛿2

𝑛

 𝑒−1 2⁄  
(𝑥̅−𝑀)2

𝛿2 𝑛⁄
 , −∞ < 𝑥̅ < ∞     

for  example if 𝑥1, 𝑥2, … , 𝑥𝑛 be a r.s from N (1,2) then 𝑥̅ ~ 𝑁(1,
2

𝑛
) and                

f(𝑥̅) =
1

√2𝜋 
2

𝑛

  𝑒

−(𝑥̅−1)2

2
2
𝑛  , −∞ < 𝑥̅ < ∞     
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properties :- According to theorems (1) , (2) , (3) if 𝑥̅~𝑁(𝑀,
𝛿2

𝑛
), then :-  

1) 
𝑥̅−𝑀

𝛿 √𝑛⁄
  ~ 𝑁(0,1) 

2) (
𝑥̅−𝑀

𝛿 √𝑛⁄
 )2 ~𝑥2(1) 

3) ∑ (
𝑥̅−𝑀

𝛿 √𝑛⁄
 )2  ~ 𝑥2 (𝑘)𝑘

𝑖=1  

2- Distribution of sample variance 𝑺𝟐  

the sample variance 𝑆2 is defined as :  𝑆2 =
1

𝑛
∑(𝑥𝑖 − 𝑥̅)2 consider the sum of 

squares ∑(𝑥𝑖 − 𝑀)2 = ∑[(𝑥𝑖 − 𝑥̅) + (𝑥̅ − 𝑀)]2     

=∑(𝑥𝑖 − 𝑥̅)2 + 2 (𝑥̅ − 𝑀) ∑(𝑥𝑖 − 𝑥̅) + 𝑛(𝑥̅ − 𝑀)2                                                

∑(𝑥𝑖 − 𝑀)2 = ∑(𝑥𝑖 − 𝑥̅)2 + 𝑛 (𝑥 − 𝑀)2             

dividing  both sides by 𝛿2 we get , ∑(
𝑥𝑖−𝑀

𝛿
)2 =  

𝑛 𝑠2

𝛿2
+ (

𝑥̅−𝑀

𝛿 √𝑛⁄
)

2
  

since ∑(
𝑥1−𝑀

𝛿
)2 ~𝑥2(𝑛)    [ theorem (3)]  

Also (
𝑥̅−𝑀

𝑑 √𝑛⁄
)2~𝑥2(1)        [property (2)]  

it follows that 
𝑛𝑠2

𝛿2
~𝑥2(𝑛 − 1)  (additive property of 𝑥2 dist.)  

Hence E(
𝑛𝑠2

𝛿2
) = 𝑛 − 1 ⇒  

𝑛

𝛿2
 𝐸(𝑠2) = 𝑛 − 1                                                                      

E(𝑠2) = 𝛿2 𝑛−1

𝑛
                                                                                                                       

var(
𝑛𝑠2

𝛿2
) = 2(𝑛 − 1) ⇒

𝑛2

𝛿4
𝑣𝑎𝑟 (𝑠2) = 2(𝑛 − 1)                                                          

var(𝑠2) =  
2(𝑛−1)

𝑛2
    𝛿4  

Ex:- If 𝑥̅  is the mean of r. v  of size n from N(𝑀,100) . find n such that                      

𝑝𝑟(𝑀 − 5 < 𝑥̅ < 𝑀 + 5) = 0.9 𝑠4  

Solution :- let 𝑥1 = 𝑀 − 5 , 𝑥2 = 𝑀 + 𝑠                                                                                   

𝑝𝑟[𝑀 − 𝑠 < 𝑥̅ < 𝑀 + 5) =  𝑝𝑟[ 𝑥1 < 𝑥̅ < 𝑥2] 
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=𝑝𝑟[
𝑥1−𝑀

𝛿 √𝑛⁄
 <  

𝑥̅−𝑀

𝛿 √𝑛⁄
  <

𝑥2−𝑀

𝛿 √𝑛⁄
] 

= 𝑝𝑟 [
−5

10 √𝑛⁄
 < Ƶ <

5

10 √𝑛⁄
] =  𝑝𝑟 [

−1

2
√𝑛  < 𝑍 <  

1

2
√𝑛] 

= 𝑝𝑟 [𝑍 <
1

2
√𝑛) − [1 − 𝑝𝑟 (𝑍 <

1

2
√𝑛)] 

= 2𝑝𝑟 [𝑍 <
1

2
√𝑛] − 1 = 0.9 𝑠4                                                                                          

𝑝𝑟 (𝑍 <
1

2
√𝑛) =

1.9 54

2
= 0.9 77                                                                                 

N(
1

2
√𝑛) = 0.9 77                                                                                                                      

1

2
√𝑛 = 2  (approximately ) from tables √𝑛 = 4 ⇒ 𝑛 = 16 

Ex:- let 𝑆2 be the variance of ar.s of size six from N(𝜇,12) find                             

𝑝𝑟(2.30 < 𝑆2 < 22.2)  

Solution :- since 
𝑛𝑠2

𝛿2
 ~𝑥2(𝑛 − 1), then 

6 𝑠2

12
=  

𝑠2

2
 ~ 𝑥2 (𝑠)                              

𝑝𝑟(2.30 < 𝑠2 < 22.2) =  𝑝𝑟(1.1𝑠 <
𝑠2

2
 < 11.1)            

= 𝑝𝑟 (
𝑠2

2
< 11.1) − 𝑝𝑟(

𝑠2

2
< 1.1 𝑠) 

= 0.9 50-0.050=0.90 (from 𝑥2 tables )  

Ex:- let 𝑥1, 𝑥2, … , 𝑥𝑛 be ar. S. from N(𝑀,𝛿2) let 𝑥̅ and 𝑠2 denote the mean and 

variance of the sample where 𝑥̅ has 𝑠2 are in dependent and E(𝑠2) = 𝛿2 , show that 

𝑡 =
√𝑛 (𝑥̅−𝑀)

𝑠
 ~𝑡(𝑛 − 1)                         𝑛 →  تتوزع بشكل تقربي عندما   ∞

Proof :- since x~𝑁(𝑀, 𝛿2) ⇒ 𝑥̅~𝑁(𝑀,
𝛿2

𝑛
)  

let 𝑍1 =
𝑥̅−𝑀

𝛿 √𝑛⁄
  ⇒ 𝑍1~𝑁(0,1) 

let 𝑍2 =
(𝑛−1)𝑠2

𝛿2
 ⇒ 𝑍2 ~𝑥2(𝑛 − 1)                                                                        

𝑍1

√
𝑍2

𝑛−1

  ~ 𝑡 (𝑛 − 1)  
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but 
𝑍1

√
𝑍2

𝑛−1

=  

𝑥̅−𝑀

𝛿 √𝑛⁄

√
(𝑛−1)𝑠2

(𝑛−1)𝛿2

=  

𝑥̅−𝑀

𝛿 √𝑛⁄

√𝑠2

√𝛿2

=  
√𝑛 (𝑥̅−𝑀)

𝛿
 
𝛿

𝑠
                                              

t=
√𝑛 (𝑥̅−𝑀)

𝑠
 ~ 𝑡 (𝑛 − 1) 

 

 

 

 

 

 

 

 

 

 

 

 تمارين التوزيعات          

Problems :-  

1) Given that 𝑥~Ber (1,
1

3
) find                                                                                   

(i) the p. m. f of x,             (ii)𝑀𝑥, 𝛿𝑥
2 𝑎𝑛𝑑 𝜇𝑥(𝑡)  

2) The m. g. f of ar.v x is 𝑀𝑥(𝑡) = (
2

𝑠
+

1

3
𝑒𝑡)9                                                                        

(i) find the p.m.f of x         (ii) find the mean 𝑀𝑥 and variance 𝛿𝑥
2
                 

(iii)show that 𝑝𝑟(𝑀𝑥 − 2𝛿𝑥 < 𝑥 < 𝑀𝑥 + 2𝛿𝑥) = ∑ 𝑥9(
1

3
)𝑥5

𝑥=1 (
2

3
)9−𝑥 

3) Let 𝑥~𝑏(2, 𝑝) and y~𝑏(4, 𝑝) if 𝑝𝑟(𝑥~ ≥ 1) =  
5

9
 find 𝑝𝑟(𝑦 ≥ 1) 

4) Let 𝑥1, 𝑥2 be independent r. v. s such that 𝑥1~𝑝(4) and 𝑥2~𝑝(6) let 𝑦 =

𝑥1 + 𝑥2 (i) find the p.m.f of y , (ii) find 𝑀, 𝛿2𝑦 (iii) find 𝑝𝑟(𝑦 ≤ 1) 
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5) Hiven that 𝑥~𝑝(𝑡) find the value of 𝜆 it is known that 𝑓(𝑥) =
4

𝑥
 𝑓(𝑥 − 1), 

x=1,2,…. 

6) Let 𝑥𝑖~𝑁𝑏(𝑟𝑖, 𝑝), 𝑖 = 1,2, … , 𝑛  show that ∑ 𝑥𝑖~𝑁𝑏(∑ 𝑟𝑖𝑛
𝑖=1 , 𝑝)𝑛

𝑖=1  

7) Let 𝑥~𝑁𝑏(4,0.3)   (i) find the p.m.f of x (ii) find 𝑀𝑥, 𝛿𝑥2, 𝑀𝑥(𝑡)                           

(iii)let y=4+sx find 𝑀𝑦 , 𝛿𝑦
2
 

 

 

 

 

 

 تمارين التوزيعات           

Problems:-  

1)  Let 𝑥~𝑢(0,1), use the transformation method to find the distribution of 𝑦 =

−2𝐿𝑛    x then find 𝑀𝑦 , 𝛿𝑦2  

2) Given that 𝑥1, 𝑥2, … , 𝑥𝑛 are independent random variables where 𝑥𝑖~𝐺(∝

𝑖, β), 𝑖 = 1 , … , 𝑛  show that 𝑦 = ∑ 𝑥𝑖~𝐺(∑ ∝ 𝑖𝑛
𝑖=1 ,𝑛

𝑖=1` β) 

3) If 𝑥1~𝐺(2,3) and 𝑥2~𝐺(1,3) are two independent r.v.s (i) find the 

distribution of 𝑦 = 𝑥1 + 𝑥2 (ii) find the mean and variance of y 

4) Let 𝑥~β(∝, β), let 𝑦 = 𝐿𝑛
𝑥

1−𝑥
 find 𝑀𝑦(𝑡) 

5) In each case the r. v. x follow Beta distribution , find the value of the 

constant c. (i) 𝑓(𝑥) = 𝑐𝑥2(1 − 𝑥)5 (ii) 𝑓(𝑥) = 𝑐 (𝑥 − 𝑥2)0.5 

6) If ~β (∝, β) . show that 𝑦 = (1 − 𝑥)~β(β, ∝) 

7) If 𝑥~𝑁(0,1) find 𝐸(𝑥2𝑘), 𝑘 ∈ I+ , then find 𝐸(𝑥2) and 𝐸(𝑥4) 

8) If 𝑥1, 𝑥2, … , 𝑥𝑛 are independent r.v.s where 𝑥𝑖~𝑁(𝑀𝑖  , 𝛿2), 𝑖 = 1 , 2, … , 𝑛 

show that 𝑦 = ∑ 𝑥𝑖~𝑁(∑ 𝑚𝑖 , ∑ 𝛿1
2)𝑛

𝑖=1
𝑛
𝑖=1

𝑛
𝑖=1  

9) If 𝑥1~𝑁(𝑀1, 𝛿1
2), 𝑥2~𝑁(𝑀2, 𝛿2

2) , where 𝑥1, 𝑥2 are independent r.vs show 

that 𝑦 = 𝑥1 − 𝑥2~𝑁(𝑀1 − 𝑀2, 𝛿1
2 + 𝛿2

2) 

10) If 𝑥~𝑥2(𝑛) and (x+y) ~𝑥2(𝑛 + 𝑚)  where x,y are inderendent r.vs . 

use the m.g.f to find the distribution of y  


