Juny

[ since ,w. v are indep.] but W~N(0,1) , E(W)=0 hence E(t)=0, E =0

ﬁl*

the variance of distribution is derived as follows var (t) = E(t?) — [E(t)]? = E(t?)
2

var (t) = E| = ——| =EW?*E

e =epg] sy
since W~N(0,1) then E(w?) = Var(w) + [E(w)]? =
var(t)= 1E(i) =TE()

but V~x2(r) then E(%) = [P vilezov

0 V2 /2
2
r_y v w0 T_
FrZr/Z J, vivete 6v = —- r/ N v e v
2 2
. v 1
Putting Z=> = v = 2Z = év = 2dZ E (;) -
— zr/zf ®(22)7 % "% 2d7
2
_ 272 g foo Z2_1—1 e=Z d7
- I'r2 /2 0
2
1 1
Corr o p7l2G-prr | 7l
St
T 2G-1) -2
R N
Var(t)=r E(v) ==
(7) The F distribution
Let x, ~ x2(n,) is independent from x, ~ x2(n,) then the ration f= zl/zl is said to
2 2

have an F distribution with n, ,n, degrees of freedom the p. d. f of the
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ni+ny n ﬂ—l
distribution is :- g(f) = - lf (%)71 fz—w ,f >0 and we say that
Cak [1+Z—;f] 2

f~F(ny, n,) the mean of the distribution is given by ur = E(f) = % ,Ny, > 2

£ (3

Proof :- E(f) = E (%) =

X2/M;

,§|H|E|»-\

=2 E(n) EQ)

Since x; ~x,(ny), x,~ x%(ny) , then E(x,) =n4
n 1 1
E(f) =22 n, E () =mEQ)
1) _ (o 1 1 n2 1 ~*2

2

w M2_q_q X2
= —_— fo X, 2 ez dx,

Tny 2n2/2
2
z="2—2 = 27 = x, = 2dZ = dx,
_ 1 00 2 o, _
=t o J, @Z)="" e7*2dZ
2
1 n_Z_Z 00 n_2_2 -7
T 27273 272 2 [, 227" e7*dZ
2
_ 1
= 2 Fnzz_1 Fnzz :
2
- Lt - » _ 1
- 2(712—2—1) FTZ_l F72_1 ny—2
1 n,
E(f) = n, E(x—) = T2y >2
The variance of the distribution is var(f)=2 M 7 Mtham? >4
ny(ny—4)

Problems :-
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-3
()Let thearvwithp.d.f g(t)=c [1+3 ¢?|  find the value of ¢ such
that the r. v. follows t distribution
(2) Let the r. v. t~t(1)show that the C.D.F of t is F(t)=0.5 +% =tan"1t

(3) Let t=\/% , where w~N(0,1) and v~x2(r) show that T2 has an F

distribution with parameters r;, = 1,r, =7
(4)Let f has F distribution with parameters r; ,r, prove that % hasan F

distribution with parameters r, and r;

3)Distribution of sample mean and sample variance

(1) the distribution ofx :- let x;,,i = 1,2,...,n be a r.vs from N (M,62) the
distribution x is derived by using the m.g.f as follows

7 XX t
Mf (t) = E(etx) =F (etT> — E(eg(x1+x2+...+xn)

Lx Ly Ly
=E(en™) E (en 2) . E(en™)

= M, () s (5) - M ()
52¢2

Since each of xy,x,,..,x, distributed N (M,62) then M, =M=
522

t5%%2n 7
Mz(t) = [Mx(i)]n = [eMT 2 ] = eM™*72~  which is similar to the m. g. f of

2 2
normal dist. With mean M and variana % f~N(M,%) f(x) =

1 _1/2 (f—M)Z
[_s82 52/n
27'[7

for example if x;,x,,..,x, be a rs from N (1,2) then f~N(1,%) and

~(x-1)?
e m ,—oo<x <o

,—00 < X <

f(x) =

2
s
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properties :- According to theorems (1) , (2), (3) if x~N(M, %2), then :-

x-M
§/Vn

X—M

k (XM~ 2 .2
2- Distribution of sample variance S?

1)

~ N(0,1)

)2 ~x*(1)

the sample variance S? is defined as : S% = %Z(xi — x)? consider the sum of
squares Y.(x; — M)?2 = Y[(x; — X) + (x — M)]?

=Y (x; —X)>+ 2 (X — M) X(x; — %) + n(x — M)?
Y(x; —M)? =Y (x; — X)* +n (x — M)?

. 2 = 2
dividing both sides by 62 we get, Z(%)Z = =+ (;NA;)

since Z(%)Z ~x2(n) [ theorem (3)]

xX—M

Also (d/\/ﬁ)2~x2 (1) [property (2)]

it follows that %f~x2(n — 1) (additive property of x? dist.)

2
Hence E(%)=n—1 :%E(sz)=n—1
E(s?) = 52222
n

ns? n? 2
Var(?) =2n—1) > savar (s?)=2(n—-1)

2(n-1)
n2 &

var(s?) =

Ex:- If X isthe meanofr.v of size n from N(M,100) . find n such that
pr(M -5 <XxXx<M+5)=09s4

Solution - let X1=M-5,x,=M+s
prM—s <X <M+5)=p[x; <X <xy]
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_ x1—M X—M xZ—M
Pl < svm < s

=pr[ﬁﬁ <Z<1oj\/%]= pr[_?l\/ﬁ <Z< %\/ﬁ]

=p, |2 <2vn) - [1-p. (2 <3v7)]

= 2p, |2 < 2vn| - 1=09s4
pr (2 <3vn)=22=0977

T2

NG V) = 0.9 77

%\/ﬁ = 2 (approximately ) from tablesvn =4 =>n =16

Ex:- let S? be the variance of ars of size six from N(u,12) find
pr(2.30 < 5% < 22.2)

i . ns2 2 6s? _ s? 2
Solution - since 7 ~x*(n—1), then — = 5 ~x°(s)

2
p(2.30 < 5?2 < 222) = p,(L.1s < S; < 11.1)

=p, (5 <111) - p, & < 115)
= 0.9 50-0.050=0.90 (from x? tables )

Ex:- let x;,x,, ..., x, be ar. S. from N(M,5%) let ¥ and s? denote the mean and
variance of the sample where X has s are in dependent and E(s?) = §2 , show that

_n(x-M)
o S

t ~t(n—1) n— oo laie o % Ky e 540

2
Proof :- since x~N (M, §%) = x~N(M, %)

-M

X
1\e2
let Z, = (n 612)5 = Z, ~x*(n—1)
Zy
= t(n—1)
n-1
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X
S
&l
|
S

but Zu _ _3Nm_ _ 3N _ yn(E-M) §
Z2 (n—1)s2 E 1) S
n-1 (n-1)62 J52
t:@ ~t(n—1)
il 58l) Gl
Problems :-
1) Given that x~Ber (1,7) find
(i) the p. m. f of X, (i)M,, 8,° and w,(t)
2) The m. g f of arv  x is M) = (% + iet)‘?
(i) find the p.m.f of x (ii) find the mean M, and variance &,°

(iii)show that p, (M, — 28, < x < M, +28,) = X3, x°()* (3)°~*

3) Let x~b(2,p) and y~b(4,p) if p,(x~ = 1) = Zfind p.(y = 1)
4) Let x4, x, be independent r. v. s such that x;~p(4) and x,~p(6) let y =
x; + x, (i) find the p.m.f of y, (ii) find M, 62y (iii) find p,.(y < 1)
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5) Hiven that x~p(t) find the value of A it is known that f(x) = % flx—1),
x=1,2,....

6) Let x;~Nb(ri,p),i =1,2,...,n show that I, x,~Nb(Xi, ri,p)

7) Let x~Nb(4,0.3) (i) find the p.m.f of x (ii) find M,,6x?% M, (¢t)
(iii)let y=4+sx find M,, §,°

Gilag 3 68
Problems:-

1) Let x~u(0,1), use the transformation method to find the distribution of y =
—2Ln xthen find M,, 6y?

2) Given that x4, x5, ..., x,, are independent random variables where x;~G (x
,B),i=1,..,n showthaty =Y . x;~GL, < i,PB)

3) If x,~G(2,3) and x,~G(1,3) are two independent r.v.s (i) find the
distribution of y = x; + x, (ii) find the mean and variance of y

4) Let x~B(ex, B), lety = Ln——find M, (¢)

5) In each case the r. v. x follow Beta distribution , find the value of the
constant c. (i) f(x) = cx?(1 — x)> (ii) f(x) = ¢ (x — x2)%>

6) If ~B (e, B) . show that y = (1 — x)~B(B, x)

7) If x~N(0,1) find E(x?%),k € I* , then find E(x?) and E (x*)

8) If x4,x,,...,x, are independent r.v.s where x;~N(M;,5%),i=1,2,..,n
show that y = ¥ x;~N(Z0y my, X% 8;7)

9) If x,~N(My, 8,%),x,~N(M,, 8,%) , where x;, x, are independent r.vs show
thaty = x; — x,~N(My — My, 8, + 6,°)

10) If x~x2%(n) and (x+y) ~x%(n + m) where X,y are inderendent r.vs .
use the m.g.f to find the distribution of y
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