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Chapter Four:
Mappings il

4.1Mapping (Function) &1all gl  gudait)

Let A and B be two nonempty sets. A relation f fromAto B (f € AX B)is
called a mapping or function if each element in A is related to a unique
element in B. This relation is denoted by f: A — B.

2 pain 4 de gaadl (3 paic JSShy B (A (edald dBle af udill ) dllal)
fiA = B 3a,baiblallodgd je 9 B Ae saaall &

Mathematically,

f:A - Bisamapping&e= Vx € A3y € Bs.t.f(x) =y

4.2 Remark : A mapping is (generally) denoted by f, F, g, G, h, H, ....

4.3 Example : Let A = {1,2,3,4} and B = Z. Which of the following
relations is mapping?

R, = {(x,y) € A X B:y = 2x}is mapping.
R, = {(1,1),(1,2),(2,0),(3,—1), (4,1)} is not mapping.
R; = {(1,1),(2,0),(3,3)} is not mapping.

4.4 Remark : Every function is a relation but not every relation is a function.

Mapping can be defined in another way :

4.5 Definition: Let A and B be two nonempty sets. A relation f from A to B
(f € A x B)is called a mapping or function if it satisfies two conditions:

1.closure @aN):Vx € A= f(x) € B Jiaal Juall aiii 45 ) gosa Jlaall (3 poaic S

2.well-defined ) iy il

Ifx; = x,thenf(x;) = f(x,)Vx,x, € A

dﬁ&d\d\.&nj\‘sﬂﬁm‘gﬁ‘)}mdd@\sﬁ)@cds
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4.6 Example: Determine whether f: Z — R is a function or not :
a)f(x)=vx? + 1

1. closure: LetVx,x€Z = f(x) ER?

Vi,x E Z=x%2 +1€Z=Vx? +1 €R
~ closure is held
2. well defined:

VX,X, € Z,X] = X, = X2 =%,2 =2 x2+1=x,2+1

=2+ 1=y2+1=f(x) = fxy)

~ f is mapping.

OR P

)

f is not well defined because x = 1 € Z
But f(1) = land f(1) = —1 Lsad paic g
1
3 f(x) =
Closure condition is not held Gaiie e 3yl la
Letx = 0 € Zbutf(0) = % R =~ f is not a mapping

4.7 Example: (H.W.). Is f mapping?

l.Letf:N - Ns.t f(x) = x/(|x] — 5)

3
2.LetfiR = RSt f(x) ==

4.8 Graph of Mapping: 4l awy

Let A and B be two non-empty setsand f: A — B. The graph of f is
denoted by Graph f and is defined as

[ Graphf = {(x,y):x € Aandy = f(x)} }

2



Foundation of Mathematic s Ay —cluzaly ) Gl
2026 — 2025

4.9 Definition: Let f: A — B be a mapping. Then

1) The set A is called the domain of f and is denoted by D,
2) The set B is called the Codomain of f and is denoted by Cod,
3) If f(x) = ythen yis called the image of .

4) The set of all images of the elements of A is called the range of .

< R=fW={=f@xea O

lee s e alaiadlly Alall Jlaad) slay) (e ¢ 3daadle

Dy = R sl 332l goen Lellas sl A1 ]
a5 b bl Jaa i ) hae L Al aalll gas Lellaa o AN 2
Al 3a) Cnd el Jaad 3 il lac AEal MY gas Ll 2 53a0) 1 3

Dall Jiae G131 A inie e dlaie V) Lgia 3k sae lia R ) saall de sena gy
x o sl Bk Ge el dlagl (Sad) e 8 Aidall 2aall) Ao gana (4o A Ja Ao gana
y ZUYJ-_!
4.10 Example: Write the graph set, the domain and the range of the
following functions:

1) Let f:{—2,-1,0,1,2} - Zst. f(x) = x3

Graph f = {(x,x3):x € {-2,—-1,0,1,2} and f(x) = x3}

={(=2,-8),(-1,-1),(0,0),(1,1),(2,8)}

Dy = {-2,-1,0,1,2}

Ry = {-8,-1,0,1,8} € Z = Cod,
2) Letg:Z —» Zst g(x) = x?

Graphg = {(x,x*):x € Zand g(x) = x?}

= (., (=2,4),(=1,1), (0,0), (1,1, (2,4), ... .}

=7

Dg
R, = {0,1,49,16,...} € Z = Cod,
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4.11 Example: (H. W.) Find the domain and the range of the following
functions:

) f) === 2g@)=Vi-2x 3)h@x= |

xX+2

4.12 Types of Mappings Gildukill g1 6d)

1. Constant Mapping — <ull (gadail)

A mapping f: A — B is called Constant Mapping 4t dbh < 3! c €
Bs.t f(x) =cVx€EA

Or fiscalled constant < Ry = {c}

A B

\ [ 77

Constant Mapping

413 Example: Let f:R — Rst. f(x) = 2Vx € R

f is constant function
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4.14Example: Give two examples of non-constant functions

(2 ,x=1
1letf: R > Rst f(x) _{_3 e
f is not a constant mapping because f(1) = 2and f(0) = -3
Give another example (H. W.)

2. Identity Mapping 4l Ad)al)

A mapping f: A — A s called identity map 45134l denoted by iy <
f(x) =xvVx € A

4.15 Example:

1. Let f = {(1,1),(3,3),(0,0),(—6,—6)} f is identity function defined
onAd = {0,1,3,—-6} ~f = iy,

2. Letf:Z - Zst. f(x) = xVx € Z ~ [ =iy,

3. Letf:Z - Zst. f(x) = |x|Vx € Z
f(x) = f(=x) = xVx € Z . f isnotidentity function

4. letf:N - Nst f(x) = |x|]Vx € N
f(x) = xVx € N . fisidentity function (i.e., f = iy)

3. Injective Mapping _ ¢sbiall (galail)

A function f: A — B is called one to one (1-1) or injective if different
elements in the domain A have different images in B.

Q) Jlaall 8 Ailida | gom Jlanall 8 Al yealiall il 13) Ailiia A1) e
fiA - Biscalled1-1 &V x,,x, € A; if x; # x, then f(x;) # f(x3)
Or

fiA - Biscalled1-1 Vx,,x, €A4;if f(x;) = f(x;) thenx; =x,
f:A = BIShOtl—l(:)Elxl,xz EA, X1 ixz A f(xl) :f(xz)
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r 1 D
h \ 2 — B
/ 3 3
q 4
A

not one to one function
fA=fA4)=A4

f is Many to one

One to one function

4.16 Remark: In the graph of Injective map, a horizontal line should never
intersect the curve at 2 or more points.

,V A \L‘

CNRE | aways ) |
Same: o \ unique g
# T EEEREN

. > . . >
X1 X2 X X, X, X
not one to one (many to one) Injective (one to one) function

4.Surjective Mapping Jelédl  gukil)

A function f: A — B is called (onto) or surjective if every element in
"B" has at least one relating element in "A™ (maybe more than one).

& ) ) ol eaial sy gea a Jiliall Jlaall & jeaie JS S 13 ALla (55 FADI
sl

Mathematically,

A function f: A — B is called (onto) or surjective & Ry = Cody

Or
A function f: A — B is called (onto) or surjective < Vy € B3x € As.t.

fx) =y
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A function f: A — B is not (onto) or not surjective < R, # Cody

5. bijective Mapping  Jiial) (gaail)

A function f: A — B is called bijective & f is 1-1 and onto

A function f: A — B is called not bijective < f isnot 1-1 or f is not onto

/‘:‘\ I‘l: /i". ,""‘:‘
L T o _ypO e O e _y©
> - < -l P

o ~e o =0 o >0 o >0

0—?0 @—>»0 9—7;0 @\\/-JO

o 50 o —»0 e 5O o >_{o

o o) o) o i o
General Injective Surjective Bijective
Function Not surjective Not injective (injective and

surjective)

4.17 Examples: Which of the following functions are injective? Surjective?
Bijective?

1.f:R - Rs.t.f(x) = x(H. W)
2.f:R - Rs.t.f(x) = 3(H. W)
3.f:R* - Rs.t.f(x) = x? (H.W)

4. f:R - Rs.t.f(x) =Vvx2 + 9

x+4
2x—5

5. f:R\{Z} > Rs.t.f(x) = (H. W.)
6.f1R - [Lw)s.t.f(x) = |x — 4] + 1
7.fiR - [~4,®) s.t.f(x) = —4 + (x — 4)? (H.W.)
Solution4: f:R — Rs.t f(x) =Vx2 + 9
D; = Rand cod; = R

Surjective? We need to find R

Whenx € R = f(x) =y = 3
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R ={y :y =3} =[3,©) # R = codf
=~ f is not surjective (not onto).

Injective? Let f(x;) = f(xy,) = x; = x,?

f) = f)= Y52 +9 = Jyx,2 + 9
=52 +9=x%+9 =>x?%=1x?2
=x, = Fx, = x; =%5....(1)
Or,x; ==X, =X, #Xy...(2)

From (2), f is not injective .. f is not bijective

| _ >
Solution6: f:R - [1,00)st. f(x) =|x—4|+1= {ix +3,5 ); < 44

Dy = Rand cody = [1, )
Injective? Let f(x;) = f(xy) = x1 = x,?
fOq) = fx) = I —4l+1=|x; —4[+1
= |x; — 4] = |x; — 4|
Eitherx; —4 =x, — 4= x; = x5 ... (1)

Or,x; —4 =—x, + 4= x; # x5 ...(2)
From (2), f is not injective (1-1)
Surjective? We need to find R

x—3 x=4
f(x)_{—x+5, x< 4

fx >24=x -3 2>21=y =>1.....(0)
fx <4=>-x>4=5-x>1=y >1......(2)
~From(1)and (2), Ry = {y:y=1ory>1} = [1,0) = cody

~ f is surjective (onto)
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Y AYy x dlaul oo ALLs A ) sy (s Al Gk

Ifx >24=>y=x—-3=>x =y + 3

1) s 5 Sl af 0sSi 0l x> 4 0555 LS

1 st 5l oSly ad 0SS0y <4 OS5 (S
=y >1......(2)
~From(l)and (2),Rf = {y:y=1ory>1} = [1,0) = cody
~ fisonto - fisnot bijective

4.18 Inverse mapping: dusal) jal)

Let f be a bijective mapping from A to B then f  is a mapping from B to A
such that f 1 (y) = x.

Mathematically,
f:A > Bs.t (x)=yis abijective mapping < f 1: B — Aisamap.s.t. f
T =x

4.19 Example: Let f:{1,2,3} — {a,b,c}st. f(1) =a, f(2)=b, f(3) =
cOrf = {(1,a),(2,b),(3,c)}

f
1 \ r:a
2 >
3 f'l >
B A
a > 1
b ‘ >
c \ 3

Since f is 1-1 and onto (bijective) = f *:{a, b, ¢} — {1,2,3} s.t.
fr@=1f7B)=2f"(c)=3 orf = {(al),(b2),(c3)}

9
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4.20 Example: Let f: R*— R*s.t. f(x) = . Find f " (if exist)?

Solution: f “lexist & f is bijective
1-1? Let f(x) = f(x,) = "? = "? =x, =x, = fisl-1
Onto? y =>=x = 2y=R, = R* = cod;
=~ fis bijective = f 1 is a mapping = f ! exist
y AVax o f lasy
y = g =X = 2y
~fTIR—Rst fH(y)=2y
4.21Remark :

1. If a function f is not injective then f ! is not a mapping (f “‘does not
exist)

2. If a function f is not surjective then f 1 is not a mapping (f “*does not
exist)

3. If a function f is bijective then f ! is a mapping (f * exist)

4.22Example : f: R —» Rs.t f(x) =4+ (x—4)2.Find f 1 (if exist)

Solution: f ~texist if and only if f is 1-1 and onto
1-1? Let (x1)=f(xx) =4+ (x1—4)2=4+ (x2—4)?
= (x1—4)2=(x2—4)2
Okl e
= x1—4=+(x2—4)
Either, x1 —4=x—-4=x1=x
Or,xi—4=—(x2—4) > x1# x2
~ fisnot 1-1

~ f —1 is not defined

10
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4.23 Example: f:R - R st f(x) = {iz '

Find f 1 (if exist)?
Solution: f is bijective (see Example)

~ f Lis defined

o

) B v ooy <
1R —> Rsit. 1 =
f st.f~ ) {\/; y >

4.24 Example: f:[3,0) - [0,0)s.t. f(x) = vx — 3.Find f 1 (if exist)

Letf(xl) = f(x2)=>x1 - 3 = x2 - 3=>X1 =x2=>fi81-1

o

Onto? Is Ry = codf?

y AVax aad
(becausex > 3) y=Vvx — 3 = x =y2+3 =y >0
oA Ayl (saall ) (Sa
x=23=>x-320=vx—-—3=20=>y=>0
=>Rf = [O,OO) = COdf
~f is bijective
~ f Lis defined
y Ay x oo f Al
y=Vvx -3 =x =792+ 3

s f7hi[0,00) = [3,00)s.t. f7H () = y* + 3
4.25 Remark:

Lf7#<  2(1)?t=f  3f=flef=i

11
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4.26 Composition of Mappings «<\iuaill s i

Let f: A = B be amapping and g: B = C be a mapping. The composition of
g and f is a mapping denoted by gof and is defined as

(gof)(a) = g(f(a))Va € A
Mathematically,

If f: A— Bandg:B— Cthengof: A— Cisamap. < Va € 4,
31 g(f(@) € Cs.t.(gof)(@) = g(f(a))

A f B g ¢

’

g(x) f(x)
(fog)(x)

4.27 Remark: Letf:A - Band g: C = D.Then

1. gof is defined (exist) if and only if R, S D,

2. fog is defined (exist) if and only if R, < Dy

3. fog # gof (in general)
4.28 Example: Let f: R — [2,0) s.t. f(x) = x* + x? + 2

g: Rt - [—4,0)s.t. g(x) = +x —4 .Find fog and gof (if exist)

12
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Solution: fog existwhen R, S Dy

Rg = [—4‘,00) ande = R:Rg c Df

=~ fog is defined

(fog)(x) = f(g(x)) = f(Vx —4) = (Wx —D* + (Wx —4)* + 2
gof is defined when R, € D,

Rf = [2,0)and D, = R* = R, € D, - gof is defined

(o)) =g(f(x) =g(x*+ x> +2) =Vx*+ x2 +2 -4
4.29 Example: Let f:R — R s.t. f(x) = sin(x)

g:[0,00) - (—,0]s.t. g(x) = —/x.Find fog and gof (if exist)
Solution: fog exist when Ry € D¢
Find R? g(x) = —Vx
\/EZO=>g(x)=—\/§SO
“Rg= (—,0] €Df=R
=~ fog is defined
(fog)(x) = f(g(x)) = f(—Vx) = sin(—Vx)
To find gof, we need to check if Ry € Dy
(x) =sin(x) € [-1,1]
~Rf=[-1,11€ Dy=10,) - gof isnota map (does not exist)

4.30 Theorem: Let f: A —» Band g: B — C be two mappings, then

1. If f and g are 1-1 then gof is 1-1
2. 1f gof is 1-1then fis 1-1
3. If f and g are onto then gof is onto

4. If gof is onto then g is onto

13
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Proof 1: T.P. gof: A — C is 1-1 (injective)

Vxy,x, € A, (gof)(x1) = (gof)(x;) T.P.x; = x,

(gof)(x1) = (gof)(x2) = g(f(x1)) = g(f(x2)) (def.of gof)
= f(x1) = f(x2) (gis1-1)

=x; = x, (fisl-1)
~ gofisl-1

Proof 2: Let gof is 1-1 T.P. f is 1-1

Vxy,x2 € A f(x,) = f(xy,) T.P.x; = x,
f(x1),f(x2) € Dgand f(x;) = f(xz2)
= g(f(x1)) = g(f(xz)) (is well defined)
= (gof)(x1) = (gof)(x) (def. of gof)

=x; = x, (gofisl-l) = fisl-1
Proof 3: Assume that f and g are onto T.P. gof is onto

TP.Vvze(C, Ax € As.t. (gof)(x) = z

Since fisonto =Vy € B, Ax €As.t. f(x) =y...... (1)
Sincegisonto=>VvVze(C,3yeEBs.t.gly)=2z...... (2)
Substitute (1) in (2)
=Vzel,dy=f(x)€EBs.t.g(f(x) =z

= Vze(,Ax € As.t. (gof)(x) =z

= gof is onto

Proof 4: Let gof is onto T.P. g is onto
TP.vz € C,3y € Bs.t.g(y) = z

Since gofisonto => Vz € C,3x € As.t. (gof)(x) = z
=Vz € C,3y = f(x) € Bst.g(f(x)) = z
= Vz € C,3y € Bs.t.g(y) = z = gisonto

14
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4.31 Equal mappings <kl o gl

Let f and g are two mappings, then
f=g & Df = Dg A f(x) = g(x)Vx € Df =D,

4.32 Theorem : Let f: A - Abeamappingandi,: A — A be the identity
mapping, then iyof = fand foiy, = f.

Proof: T.P. ijof = f A foiy = f

iqof: A = Ais defined

1) D;,of = Df?
ijof:A - A
“Digor = A = Dy
2) (ipof)(x) = f(x)
(i40f)(x) = ia(f(x)) (def. of 0)
= f(x) (def. of iy)
~(ig0f)(x) = f(x)Vx € A
From (1) and (2) = ijof = f
Similarly, prove that foi, = f (H.W.)

4.33 Theorem : Let A, B and C are non empty sets. Then:
1.If f: A > B is bijective and f 1 : B —» A then

a) f7lof =iy, b) fof ' =g
2.1f f:A - Aisbijectiveand f~1: A —» Athen

flof = fof ™t =iy (HW)

3. If f: A - B be a bijective mapping then f~1: B — A is a bijective map.
4.1f f:A - B,g:B - C,h:C - D then (hog)of = ho(gof)
5.1f f: A > Bisbij. and g: B - C is bij. Then (gof) ™= f~log™!

Proof 1: Let f: A —» B isbijectiveand f™* : B - A
T.P.f_10f - iA
f lof:A - Ais defined

15
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I)TP Df—lof - DlA
f_lof:A - A:Df—losz
isA > A=D;, = A

“Dp-1op = Dy,

TP. (f Lof)(x) =is(x) Vx€A

(f o)) = fHf() ... (D)

Since fisamap. = Vx € A,3y € Bs.it. f(x) =y ...

Substitute (2) in (1) = (f "o H(x) = f (y) = x

S (f o)) = x = ia(x)

From (1) and (2) = . f ~tof = iy,

Next we prove fof ~1 = ip

fof 71 : B — B isdefined

DT.P.Dsop-1 = Dy,
fof 1:B > B=D,r-1= B
ig:B > B = D, = B

#Dsgp-1 =Dy

2T.P. (fof 7')(») = is(y) Vy € B

(fof 7D = fFFTB) e e . (D)

Since f "lisamap.=Vy € B,3x € As.t. f 1 (y) = x ...

Substitute (2) in (1) = (fof 1)) = f(x) =y
“(f TN =y = 5 ()
From (1) and (2) = f “tof = ip

16

(2)

(2)
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Proof 3: Let f: A — B be a bijective mapping (1-1 and onto)

TP.f~1: B - Aisabijective mapping.

flis1-1? Lety,,y, € Bst.f Y(y,) = f 1 () TPy, = y,

since y;,¥, € B =Ry = 3x;,x; € As.t.

f(x1) =y1,f(xz) =y, [f is onto]

= dx,x, € AS.L

fHSC)) =f 7o) and £ H(f () = f () [f 7 is well defined]

= 3Ix, % € At f () =f D O =102 ]
=3x;,%, € Ast (f Lof)(x) = (f “tof)(x, ) [def. of £ ~tof]

= Jxq, X, € ASt iy(x1) = iyx (xy) [from part (1)]
Sx,=x = f(x) = f(x)[fis well defined]
=y =y, ~f lisll
f tisonto? TP.R,-1 = A
Ri-i={x € &ix = f -1()}={x€Adf(x)=y}=4
~ f "lisonto
f ~lis1-1and onto = f ~1is bijective
Proof4:letf:A - B,g:B —- C,h:C —» D T.P. (hog)of = ho(gof)
1) D(hog)of = Dho(gof) = A
2) T.P.vx € A, [(hog)of](x) = [ho(gof)](x)
[(hog)of](x) = (hog)(f(x) (def. of 0)
=h(g(f(x) (def. of 0)
= h(gof(x)) = [ho(gof)](x)
~ (hog)of = ho(gof)

17
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Proof5: Let f: A — B isbijectiveand g: B — C is bijective
T.P.(gof)™" = flog™

Leth = gof:A - CTP. A7t = flog™?!

TP.hoh ™! = i,

hoh ™ = (gof)o(f ~tog™)

= go(fof ~*)og™* [0 is associative]
= goigog™* [fof =t = ig]
= gog™’ [goi = g]

= I [gog™" = ic]

~(gof)™" = flog™!
4.34 Direct Image 3 il 3, gual)

Let f: A — B beamappingand C < A. Then the direct image of C under f
Is defined as

f(C) ={y € B;3x € Cs.t.y = f(x)}

Oo S 5l peaial s gea sa Led eaic JS G5 B diEall Jlaad) e 4 a A sana & f(C) 5080all 5 saall
Skl dasy € J3o8bal s pall f(C) aniis .Jiaad) o & jall € de sanall pualic

y € f(C) & 3x € Cs.t.y = f(x)

y € f(C) & Vx € Cs.t.y # f(x)

4.35 Example: Let f: N\{1} » N s.t. f(n) = n? —1

Let C = {2,3,4}. Find f(C)
Solution:

(O =@ fB3) f(H}= {3815}

18
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4.36 Theorem: Let f: A — B be a mapping, let Cand D are subsets of A.
Then:

1.1fC < Dthen f(C) € f(D)
2.£(C N D) € f(C) N (D) (HW.)
3. If fisinjective (1-1) then f(C N D) = f(C) n f(D)
4. f(CuD)=f()u fD)
5. fF(ONF(D) € f(C\D)
6. f(C\D) S f(C) (H.W.)
Proofl: Let C € D T.P. f(C) € f(D)
Lety € f(C)=y € B; 3x € Cs.t.y = f(x) (def. of f(C))
=y € B;3x € Ds.t.y = f(x) (C S D)
=y € f(D) (def. of £(D))

f(C) € f(D)
Proof3: Suppose f is 1-1
TP.f(CNnD)c f(C)Ynf(D) AN f(C)nf(D)<c f(CND)
From (2), f(C n D) € f(C) N f(D) ....(1) (H.W.)
T.P. £(C) n f(D) € f(C N D)
Lety € f£(C) n f(D)T.P.y € f(C n D)
y e fO)nfD)=ye€ f(C) ANy € f(D)(def of N)

= 3Ax, €C,y=f(x;) AN Ix, €D, y= f(x,) (def. of direct image)

=y = f(x) = f(x2) = % = %, (fisl-])

= 3Ix=x; =x, ECNDs.ty=(x) € (CND) (def. of direct image)
~f(C) n f(D) € f(C N D) ....(2)
From (1) and (2), f(C) n f(D) = f(C n D)
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Proof4: T.P. fF(CUD) € f(C) U f(D) A f(C)U f(D) € f(C U D)
Lety € fF(CUD) <y € B; 3x € CUD s.t. y = f(x) (def. of £(C U D))
& yEB;IxeCVxeDs.ty=f(x)(def. of U)
S yeB;[AxeCs.t.y=f(x)|V[x€Ds.t.y = f(x)]
&y e f(C)Vye f(D) (def. of direct image)
&y e f(C) U f(D) (def. of U)
~f(€uD)=f(C)V f(D)
Proof5: T.P. F(C\f(D) € F(C\D)
Lety € fF(ONf(D)=1y € f(C) Ay & f(D) (def.of \)
= 3JIx €Cs.t.y=f(x) A Vx € D; y # f(x) (def. of direct image)
—S3ax € Cs.t.y = fX) Ax &€ D; y = f(x)
—=3Ix€ECAx¢&D;y=f(x)
=y € f(C\D)
~ FONF(D) € f(C\D)
4.37 Inverse Image 4ssall 3 ) gual)

Let f: A — Bbeamappingand D < B. Then the inverse image of D under
f is defined as

fHD)={x € A:f(x) € D}

D e sanall (I Lg puaie S5 5 50m a5 5 A Jiadl) 00 5 Ao sama o f T 1(D) LuSall 55 pucl
f Gkl Jais D J a5 peall (D) aniiy Jlaall (30 3321

x € f71(D)e x € As.t.f(x)E D

x & f71(D) © x € As.t.f(x) € D
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4.38 Example: Let f: N\{1} » Ns.t. f(n) =n? —1

Let D = {2,3,4,8}. Find f 1 (D)

Solution: £ =1 (D) = {n € N\{1}: f(n) € {2,3,4,8}}

= neN\{1kn*-1=2vni—-1=3vn?—1=4vni-1= 8}
={n € N\{1:zn?=3vni=4vn?=5vVvn?=09}

= meN\{1}n=V3¢gNvn=2eNVvn=V5¢NVn=3€N}
~ f YD) = {2,3}

4.39 Example: Let f: R —» Rs.t. f(x) = x? —2.Find f ~"1({2,7})

Solution: f ~1({2,7}) = {x € R: f(x) € {2,7}}
= {x€ER:x?* -2 =20rx*?-2=7}
= {2,-2,3,-3}

4.40 Theorem:

Let f: A — B beamapping, let E € A, C and D are subsets of B. Then:
Lf7(CnD)y=f71(C)nfHD)

2.1fC S Dthenf =1 (C) € f (D) (HW.)

3.f71(CUD) =f1() U ft (D) (HW)

4. f7H(C\D) =fTH(ON (D)

5f-1(C\D) € f~1(C) (HW.)

6.E C f~L(f(E)) (HW.)

7.1f fisl-lifandonly if E = f 71 (f(E))

8.f(f~1(C)) S C (HW.)

9.1f fisonto ifand only if £ (f "1 (C)) = C
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Proofl: Letx € f "1 (C n D)= f(x) € CND (def.of f~1)
o f(x) € C A f(x) € D (def.of N)
oxef Y (C)Ax e f~1(D) (def. of f 1)
S x € £71(C) N f~1(D) (def.of N)
sfTH(ECENnD)y=f7 () nf (D)

Proof4: Letx € f "1 (C\D) © f(x) € C\ D (def.of f 1)
= f(x) €C A f(x) €D (def.of \)
Sxef () Axe¢f (D) (def.of f1)
=x €f7HO N TH(D) (def.of \)
“fTHEC\D) =fTHON D)

Proof 7: =) Let fis 1-1 T.P.E € f "L (F(E)) A f 1 (f(E)) S E

From part (6), E € f "1 (f(E)) ....... (DT.P. f "L (f(E)) € E

Letx € f "1 (f(E)) = f(x) € f(E) (def. of inverse image)
—3JecEs.t.f(x)=f(e)

=x=e€ E(fisl-1)
= x € E

~fY(fE)CE ... (2)
From (1) and (2), f " (f(E)) = E
&)Assume that f ~1 (f(E)) = ET.P. fis1-1
Suppose f isnot 1-1 ilw e ola y
Tx,, %, EAs.tf(xy) = f(x,)and x; # x,

LetE = {x;} = x; €EE = f(x1) € f(E) (def. of direct image)
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= f(x2) €f(E) (f(x1) = f(x2))

= f(x1) € f(E) and f(x;) € f(E)

=x, € fI(f(E)=Eandx, € f L(f(E)) =E
= X, X, € E = {x;} =8

= is1-1

Proof 9: =) Let fisonto T.P. f(f "X(C)) S C A C S [ (f 1(0))
From part (8), f (f “1(C)) € C ....... (1)

TP.C € f(f1(0)
Lety € C=3x € Ast.y = f(x) (fisonto)

= x € f ~1(y) € f 71(C) (def. of inverse image)
= fx) = yef(f 1O
2C S FUF 1) ....2)
From (1) and (2), C = f (f ~1(C))
<)Assume that £ (f ~1(C)) = C T.P. fis onto
Assume f isnotonto =il ola
3y € B — f(A)=7y # f(x)Vx € A
=f1(@) #xVx € A
LetC = }=f7C) =f(H=0
=ff7HC) =f@) =0
= f(f ) #C o= 4l pe

=~ fisonto
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4.41 Remark: Let f: A — B be amapping,letE € AandC < B.Thenin

general

LA # f7Hf(A)

2.B # f(f 71(B))

For example, Let A = {1,2,3}, B = {4,5,6,7}

fiA - Bstf(H)=f2)=4, f(3) =6

LetE = {1,3} € AandC = {45} S B

fE) = {46}=f(f(E)) =f ({46} = {123} # E

=f(fE) # E

Also, f 7H(C) = {12} = f(f M) = f({12) = {4} = C

= f(fH0) # C.
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Chapter Five:
Cardinality of Sets Cile ganall 5 8

5.1 Equivalent of Two Sets : (ic saxa G 58Sl

Two sets A and B are called equivalent (A = B) if and only if there exist a
bijective map between them.

Legis Jog i Al 213 o5 1) (S ) (il (yfic same and By A (e sanal
Mathematically,
A=B & 3f s.t.f: A —> B is bijective
A# B & Vfs.t.f: A— Bisnot bijective

5.2 Remark: If A ~ B, we say that there is a "one to one correspondence”
between A and B.

5.3 Example: Let A = {1,4,6,9}, B = {2,5,7,10}. Show that A = B.IsB =
A?

Solution: Define f:A - Bs.t. f(1) =2,f(4) =5,f(6) =7,f(9) =10
Ingeneral, f(x) =x+1 Vx € A.

1-1? Vxl, Xy € A, X1 F Xy :>f(x1) F f(xz) =>f is1-1
Onto? R, = {2,5,7,10} = cod;
=~ f is bijective
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= A = B (there is a one to one correspondence between A and B)
Give another bijective function that makes A ~ B?

Define h: A - B s.t. h(1) =,h(4) =,h(6) =,h(9) =

IsB~A?

Defineg:B —» Astg(2)=1, g(5) =4, g(7) =6, g(10) =9
Org(x)=x —1Vx € B

g is 1-1 and onto (check)

~ g isbijective=B =~ A

B =~ A s Al )k

SinceA ~ B=3f 1': B - Ast.f Yy) = x
x Adad oy
lety =x+1=>x=y —1
Substitute the value of x in f ~1(y)
Zf 1B 5 Ast. f-1(y)=y—1
Show that f ~lis bijective (H.W.)
~B = A

5.4 Example: LetA = {x,y,z},B = {0,—1}

IsA =~ B?IsB = A?
Solution: A ~ B < 3f s.t. f: A — B is bijective

Letf(x)=0,f(y) =-1, f(z) = -1

This relation is not 1-1 mapping because two element y, z € A have the same
image.

In facteach f: A — B isnot 1-1= f is not bijective
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= A is not equivalent to B.
B=~A & 3gs.t.g:B — Aisbijective Letg(0) =x,g(—-1) =y
This relation is not onto mapping because Rg # codg = A
In fact each g: B — A is not onto = g is not bijective
= B is not equivalent to A.

5.6 Example: Showthat N = B = {5,10,15,20, ... }

Solution: Define f: N — B s.t. f(x) = 5xVx € N
1-17 Letx;,x, € N s.t. f(x1) = f(x;) = 5x; = 5x,
= X, = Xy
= f is injective
Onto? Ry = {y € B:y =5x,x € N} ={5,10,15,20, ... ..} = B
~fisonto~ N ~ B

5.7 Example: (H.W.) Show that

)N =~ E* 2)N =~ E- 3)N =~ Z~

5.8 Theorem: The equivalent relation (=) on sets is an equivalence relation.

Proof:
1.~ Reflexive? TP. A~ Aforanyset AJiy: A—-> As.t.i(x) =xVx€ A

i, is bijective = A4 =~ A VA
~ = reflexive

2. = Symmetric? Let A and B are two setssuchthat A = BT.P.B = A
A = B=3fs.t.f: A - B is bijective Since f is bij.

= 3f~! : B > Asuchthat f~1 is bij.

=B = A

~= 1S symmetric
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3. = transitive? Let A, B and c are sets
suchthatA = BandB = C TP. A = C
A =~ B=3f s.t.f:A - Bisbijective
B =~ C=13gs.t.g:B — C( is bijective
~3gof: A — C is bijective. (by theorem (chapter4))
~A=C
~ =~ is transitive
=~ =~ Is an equivalence relation.

5.9 Finite and infinite sets  dagiiall 5 Ligiial) cile ganall

A set A is said to be finite if A is empty or if A contains exactly m elements
where m is a positive integer; otherwise A is infinite.

e M e 220 o (5 5a3 il 131 ) A de sane ClS 13 Aygliia anii A e sandl
Agiia 8 A e senal (55l i Led s jualinl

5.10 Remark: The number of the elements in a finite set 4 is called the size
of A and is denoted by n(A4) or #(A) or |A]|.

5.11 Examples:

Let A = {1,2} finite set = n(4) =2 e sexall jpualic 2
LetA = {}finiteset=#(4) = 0

LetA = {@}finiteset = #(4) = 1

LetA = {1,0,{1,3},[0,1], N} finiteset = |A| = 5

5.12 Remark: If A is an infinite set = |A| or #(A) is not defined (does not
exist).

5.13 Example: Let A = Z infinite set = |A| is not defined

Let A = (9,40] infinite set = #(A) does not exist .
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5.14 Cardinality of Finite Sets  4ugiiall e ganal) 5 48

Let],, = {1,2,...,m} be aset. Aset Ais called finite of size m ((A) =m) if
andonlyifA = J,, = {1,2,... ,m}. The positive number m is called the
cardinality of A.

e ganall 508 ey W pualic die ()l dugiie de sanall cilS 13
Mathematically,
nfA)=me A = {1,2,..,m} = Jm
n(Ad)=me 3If: A - {1,2,... ,m}s.t. f is bijective

5.15 Example: Let A = {a, 3, sin(x)}. Find the cardinality of A.

Solution: Let]; = {1,23} T.P. A =],
Definef: A — J3 s.t. f(a) =1, f(B) = 2, f(sin(x)) =3
It is clear that f is 1-1 and onto = n(A) = 3

5.16 Theorem: Any two finite sets have the same cardinal number if and
only if there is a bijective map. between them

I.e., Let A and B be two finite sets. Thenn(A) =n(B) & A= B
Proof: =) letn(A) = n(B) = mT.P.A =~ B

n(d) = m = A = {1,2,... ,m}....(1) (def. of n(4))

n(B) = m = B = {1,2,...,m}....(2) (def. of n(B))

From (1) &2)A = {1,2,..,m} A B = {1,2,... ,m}

= A = {1,2,..., m} A {1,2,...,m} = B [=symmetric]

= A = B [~ transitive]

<) Suppose A = BT.P.n(4) = n(B)

Letn(A) = m= A = {1,2,... ,m} (def. of (4))

=A~BAA={12. ,m}
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=B ~ AAA = {12,..,m}[=symmetric]

= B

Q

{1,2, ... ,m} [~ transitive]
=n(B) = m
= n(A) = n(B)

5.17 Theorem: Let A be a finite setand A, A,, ... , A, be a partition of A.
Thenn(4) = n(A,),n(Ay),..,n(A,) (Crosy) ... *

5.18 Theorem: Let A and B be finite sets. Then

n(AUB) =n(A) +n(B) — n(4 N B)
Proof: Take A\B, A n B, B\A as partition for AU B
= n(AUB) = n(A\B) + n(4 N B) + n(B\A4) ...(1) (by theorem...*)
Take A\B,A N B, as partition for A
= n(A4A) = n(4A\B) + n(4 n B) (by theorem ....*)
= n(4A\B) = n(4) — n(4 N B)...(2)
Take B\A,A n B, as partition for B
= n(B) = n(B\A) + n(A n B) (by theorem ....*)
= n(B\4) = n(B) — n(A N B)...(3)
Substitute (2)&(3) into (1)
= n(AUB) =n(d) —n(ANB) +n(ANB)+n(B) —n(ANnB)

= n(4A U B) = n(4) + n(B) — n(A n B)

5.19 Theorem: Let A and B be finite sets. Then n(A X B) = n(A).n(B)

Proof: A is finite set = n(4) = ms.t. A = {ay,a,, ... ,a,}
Bisfiniteset=n(B) = nst.B = {by, by, ... ,b, }

AXB = {@b)a€ Ab € B}
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Ax{b1}={(al,b1),(a2,b1),...,(am,bl)}
Ax{b2}=1{(al,b2),(a2,b2),..,(am,b2)}

Ax{bn}={(al,bn),(a2,bn), .., (am bn)}

=AXB=AX{bl} UAX{2}U .. UAX {bn}

SuchthatA x {bi} N A X {bj} = @Vi # j

~A X {b1},A X {b2},..,A X {bn}isapartitionforA X B

n(AxB) = n(Ad x{b1}) + n(4 x{b2}) + - + n(A x{pn}))
=m+m+ - +m=mn =n(A). n(B)

n-times

5.20 Cardinality of infinite sets Lgilal) 4l cilo ganall 58

Let A be an infinite set. Then the cardinality of A is not a finite positive
number. The cardinality of A is denoted by X,.

B3N e i s ge B pre 3o ()5Sl Lia 5 pa8l) (S5 3 )08 Led () ST Aggiall e e sanall

5.21 Example: The cardinal number of N is denoted by X,

e, n(N) = #(N) = X,

5.22 Countably infinite set dall ALIAY giilal) & de ganall

An infinite set A is called countable if it is equivalent to the set of natural
number. Thus, the cardinality of an infinite countable set is X,

Mathematically,
A is countable infiniteset & A4 = N © n(4) = n(N) = X,
A is not countable infiniteset < A = N
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5.23 Example: Show that N is countably infinite

Solution: T.P.N = N

Define f:N - Ns.it. f(x) = iy(x) = xVXEN
f is bijective (prove!)

~N = N

5.24 Example: Show that the set of even positive numbers is countably
infinite

Solution: T.P.E* =~ N

Ao Cale 13 adtiie Aalae dlag) NS e 5 Gaedily Wl e sanall (g AL Ala Alal (S
ikt
o

E*: 02 46 8 10 ..
N : 123456
Let f(0)=1and f(2) =2
(x1,¥1) = (0,1) and (x5, ¥,) = (2,2)
(X3, 2) 5 (1, Y1) ikl aasall sl Alales 2a
Y=Y1 _Y2—W1

X—xl xz_xl

y1 _1 1 == =X

T_2=:>y 1_2 =>y—2+1

o frET —>Ns.t.f(x)=§ + 1  fis bijective (prove!) E* ~ N

5.25 Example: (H. W.) Prove that

1)A=({1,

N |-
-
wlr

,—, .. } is countably infinite set.

A

2) A = Z is countable infinite set .
3) A, = {0, +k,+2k,+3k, ... } is countably infinite set.

4) A = 07 is countable infinite set.
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5.26 Theorem: Any infinite subset of an infinite countable set is countable.

I.e., If 4 is countable infinite set and B € A then B is countable set.
el AL G oS5 21 AL de pana (e 40 3a A sana g

5.27 Theorem: If A is countably infinite set then A U {a} is also countably
infinite set.

Proof: Let A be a countably infiniteset=A4 = N
3f: A - N bijective s.t. f(a;) =1,f(a,) =2,f(az) =3, ...
A a a, a3 ..
N 1 2 3 ..
TP.Au{a} = N
Define g:AU {a} = N s.t.
g(a) =1,g(a) =2,9(az) =3,9(a3) = 4,...
AUf{a}: a a; a, as ...
N 1 2 3 4 ...
g(@ =1
ga)=2=1+1=f(a;)+1
gla,) =3=2+1=f(a,)+1
glaz3)=4=3+1=f(a3)+1

In general,

— 1 ’
90={f)1, xza
T.P. g is bijective
gisl-1? Letx;,x, € Au{a}s.t.g(x;) =9(x) TP.x;y = x,

B 1=1 , X1 = a=Xx;
g(xl)—g(x2)=>{f(x1)+ 1=f(xy)+ 1, X, #a and x, # a
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= f(x)+1=f(x)+ 1

= f(x) = f(x2)

= x; = x, (fisl-1)

~gisl-1

gisonto? R, ={y € N:I3x € AU{a},y =g(x)} =N
gisonto = g isbijective

~A U {a} = N -~ A U {a}iscountably infinite set.

5.28 Remark:

1) Every finite set is countable.
2) Q the set of rational numbers is countably infinite set.

3) R the set of real numbers is uncountable infinite set.
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Binary Operations ALl cilalaal)

6.1 Definition: Let A be a non-empty set. Any mapping from A x A into A is
called a binary operation on A. The binary operation is denoted by the
symbols =, #, $, o, ....

Mathematically,

x:A X A — Aisabinary operation iff

1. % ((a,b)) = axb € A (closure condition)

2.1fa,b,c,d € As.t. (a,b) = (c,d) then a * b = ¢ * d (well defined condition).

6.2 Example: Let A ={0,1,—1}, let* be an operation on A such that
axb =0>b? Vab € A.ls=binary operation on A?

Solution:
Closure? Leta,b € A=a * b € A?
VYVa,b € A=a * b =b? € A= =is closure.
Well defined? Leta, b,c,d € Ast (a,b) = (c,d)=axb =c*d?
Since (a,b) = (c,d)=a =cAb =4d
a b = b? (def. of *)
=d?*(b = d)
= ¢ * d (def. of x)
=~ * is well defined
~ * IS a binary operation on A

6.3 Example: Let A = {0,1, —1}, let * be an operation on A such that

axb=a—-—b Vab©elA

Is * binary operation on A?
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Solution:

Closure? Leta,b € A=a * b € A?

Ifa,b € A=axb =a—b & A
Takea=1,b=—-1=ax*xb=a—-b=1+1=2¢A
=~ * IS not closure

~ *Is not a binary operation on A

6.4 Example:

Let A = N, let # be an operation on N such that a#th = a — b Va,b € N
Is # binary operation on N?

Solution: Closure? Leta,b € N = a#tb € N?

Ifa,b € N=a#th = a — b & N

Takea=2, b=5 = ath=a—-b=2-5 =-3€&N

=~ #1s not closure

~ #1s not a binary operation on N

6.5 Example : (H. W.) Let A = Z, let = be an operation on Z such that

a*b= a+ b+ 1Va,b € Z Is = binary operation on Z?

6.6 Example : (H. W.) Let A = E, let x be an operation on E such that

a*xb = 2ab Va,b € E . Is = binary operation on E?

6.7 Example: (H. W.) Let A = 0, let = be an operation on O such that

a*b =a+ bVa,b € 0.Isx*binary operation on 0?

6.8 Example:

l.letA=N,axb=a+bVabeN
"+" binary operationaon N Ayl dhaelll de sene o 40U dlae peall
2. "+"is a binary operationon Z, R, Q, E.
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."-"1s a binary operationon Z, R, Q, E.
."x"Is a binary operationon Z, R,, E, O, N .

. "+"is a binary operation on R\{0}, Q\{0} .

oo o B~ W

."+"is not a binary operation on N\{0}, Z\{0}.

6.9 Properties of Binary Operations 4Ll cidaal) Gal sa

1.Commutative Binary Operation Audiagy) Al dglaal)

A binary operation = on a set A is called commutative iff a *
b=>b=x*aVab € A

6.10 Example:

"+" Is a commutative binary operationon N, Z, R,, E
"."Is a commutative binary operationon N, Z, R, Q, E
"-" Is not commutative binary operationon N, Z, R, Q, E

6.11 Example: Leta*xb = a+b+ab Va b € Z.I|s*commutative
binary operation on Z?

Solution: * binary operation?
Closure? Leta,b € Z=a + b € Z=a + b + ab € Z
=~ * s closure
well-defined? Leta, b,c,d € Zs.t. (a,b) = (c,d) = a * b = c * d?
Since (a,b) = (c,d)=a =cAb =4d
=a*b =a+ b + ab (def. of *)
=c+d+cd (a=cAb=4d)
=c *x d
~ x is well defined

~ * is a binary operation
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Commutative?axb=a+b+ab=b+a+ba=b=*a
* IS commutative.

6.12 Example: Let a$h = a Va, b € Q. Is $ commutative binary operation
on Q?

Solution: $ binary operation? (H.W.)

Comm.? a$h = aandb$a = b=a+b
Take a =§andb = 5= a$h =§ and b$a = 5

6.13 Example: LetA*B = AUB VA,B € P(X). Is U commutative
binary operation on P(X)?

Solution: * binary operation?

Closure? LetA,B € PX)=>A*xB=AUBC X= A *x B € P(X)

~ U is closure.

well-defined? Let A,B,C,D € P(X)s.t. (4,B) =(C,D)=A*B =C*D?

(ALB) = (CLD)=A=CAB=D=AxB =AU B (def. of *)
=CUD (A=CANB=0D)
=C=x*D

~ *is well defined

~ * is a binary operation

Commutative? (H.W.)

2. Associative Binary Operation dolead) ALY Lmranil)

A binary operation = on a set A is called associative if and only if
(@a*xb)y*c=ax*(b=*xc) Vabc€eA

6.14 Example: Leta.b=a+b -2 Va,b € Z. Is"." associative,
commutative binary operation on ?
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Solution: "." binary operation? (H.W.)

Associative? Leta,b,c € Z, (a.b).c = a.(b.c)?

(a.b).c = (a+ b — 2).c (def. of .)
= (a+ b —2)+ c— 2(def. of.)
=a+b+c—4...(1)

a.(b.c) = a(b+c— 2) (def. of .)

a+ (b+c—2)— 2(def. of.)
=a+b+c—4...0

From (1)&(2), (a.b).c = a.(b.c)

Commutative? (H.W.)

6.15 Example: (HW.)LetA * B = A U BVA,B € P(X).IsuU
associative binary operation on P(X)?

6.16 Example: (HW.)LetA * B = A N BVA,B € P(X).Isn
associative, commutative binary operation on P(X)?

3. Distributive Property  4uwald ajsil)

Let * and # are two binary operations on a set A. Then * is distributive over #
from the left if and only if

a * (b#c) = (a * b)#(a * c)Va,b,c € A
Also, * is distributive over # from the right if and only if
(b#c) * a = (b * a)#(c » a)Va,b,c € A

6.17 Remark:

1.a * (b#c) # (b#c) * a (in general)
2. 1fa = (b#c) = (b#c) * athen we say that = is distributive over #

6.18 Example: Let = be a binary operation on Z such that

axb =aVab € Z
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Let # be a binary operationon Z such thata#bh = a + b — 2Va,b € Z
Is * distributive over # from left and from right?
* distributive over # from left ? We must show
ifa * (b#c) = (a * b)#(a * c)Va,b,c € Z
a * (b#c) = a (def.of *)....(1)
(a * b)#(a * c¢) = a#a (def. of *)
= a + a — 2 (def. of #)
= 2a — 2...(2)
From (1) and (2), a * (b#c) # (a * b)#(a * c)
=~ *is not distributive over # from left
* distributive over # from right ? We must show
if (b#c) x a = (b » a)#(c * a)Va,b,c € A
(b#tc) *» a = b#c (def. of *)
=b + ¢ — 2 (def. of #) ....(1)
(b * a)#(c * a) = b#c (def. of *)
= b + ¢ — 2(def. of#)....(2)
From (1) and (2), (b#c) * a = (b * a)#(c * a)
=~ * is distributive over # from right

6.19 Example: (H.W.) Let * be a binary operation on N such that
ax*xb =abVab € N

Let # be a binary operation on N such that a#b = a + bVa,b € N

Is * distributive over # from left and from right?
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6.20 Example: (H.W.) Let = be a binary operation on (X) such that

AxB =AUBVAB € P(X)

Let # be a binary operation on (X) suchthat A#B = ANnB VA,B € P(X)Is
* distributive over # from left and from right?

6.21 Definition: The Identity Element uaall jaill

Let = be a binary operation on a set A and e € A, then e is called the identity
elementof Aifandonlyifa * e = e * a = aVa € A

6.22 Example:

1."0" is the identity element of the sets Z, Q, R with respect to (w.r.t.) (+)
eeall el il 7 Q, R e senall pladll juaiall sa jiall
i.e.,a+ 0=0+aVva € Z,QR
2."0" is not the identity element of the sets Z,, R with respect to (w.r.t.) (-)
gkl Aleal il 7,Q, R e ganall yaall paiall Jia iall
i.e.,da € N,Z,QRs.t.ta-0 # 0-a
3."1" is the identity element of the sets N, Z, Q, R w.r.t. (.)
Cpall Llaal Ll 7,0, R Do gonall plaall juaiall 5o 2al 5l
i.e.,a.l = 1.aVa € N,Z,Q,R

4."1" is not the identity element of the sets @ — {0}, R — {0} with respect to
(w.r.t.) (/)

danill Alaal Ll | R — {0) , Q — {0} Gle sanall tlaall yaiall JiarY sl sl
ie,3a € Q — {OLR — {0}s.t.= #

6.23 Example: Let # be a binary operation on R\{—1} such that

a#b = a + b + abVa,b € R\{—1}.

Find the identity element of R\{—1} with respect to #.
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Solution: Let e be the identity element of E s.t.
atte = e#a = aVa € R\{—1}

We must find e?

atte = a = a + e + ae = a (def. of #)
—=e+ae=0=¢e(l+a) =0

Eithere = 0or1 + a = 0

=a = -1 ¢ R\{-1} &

~e =0 € R\{-1}....()

eta = a = e + a + ea = a (def. of #)

=>e+ea=0=e(l+a)=0

Eithere = 0or1 + a = 0

=a = —1 ¢ R\{-1} e

~e =0 € R\{-1}....2)

From (1) and (2),e = 0

6.24 Example: (H. W.) Let = be a binary operation on N such that

a*xb=a+ b+ abVa,b € N.
Find the identity element of N with respect to *.

6.25 Example : (H. W.) Let = be a binary operation on N such that

a*xb=a+b— 1Vab € N.
Find the identity element of N with respect to *.

6.26 Example: Let * be a binary operation on P(X) such that

A* B =AUBVAB € P(X).
Find the identity element of (X) with respect to *.

Solution: Let e be the identity element of (X) s.t.
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Axe = exA = A VA € P(X)
e = Phbecause AUD = QUA =A VAeEPX)

6.27 Example: (H. W.) Let * be a binary operation on (X) such that

A*B = AN BVAB € P(X). Find the identity element of (X) with
respect to *.

6.28 Theorem: Let e is the identity element of a set A with respect to *, then
e Is unique.

Proof: Let e is the identity element of a set A with respect to *
Suppose e ' is another identity of A w.r.t. *

Since eistheidentity > e x e’ = e’ xe = e'....(1)
Since e 'is the identity = e’ * e = e x e’ = e....(2)
From (1) and (2),e = e’

~ e s unique

6.29 Definition: The Inverse Element _shill yaisl)

Let = be a binary operation on a set A and e is the identity element of A. Let
a € A,thenb € Ais called the inverse element of a if and only if a *
b =b>bx*a=e.

The inverse element b is denoted by a =1 . So

asal=alxag=c¢

6.30 Example: Find the inverse element of each element in Z,, R w.r.t "+"

Solution: The identity element e =0
a*xal=0=a+a'=0=a'!'!=-a Vac€eZoOR

AND,a '*a=0=a'+a=0=a'=—-a Va € Z,Q,R

wa ! —a VYa € Z,Q,R
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6.31 Example: Find the inverse element of each element in Q\{0}, R\{0} w.r.t

Solution: The identity elemente = 1

axal=0=aa'l=1=a"1l= 15 Va € Q\{0},R\{0}

And, alxa=0=a"l.a=1=al== va € Q\{0}R\{0}

~a™h = = Vae Q\{0},R\(0)

6.32 Example: Let # be a binary operation on Z\{—1} such that

ath =a+ b+ ab Va,b € Z\{—1}. Find the inverse element of each
element in Z\{—1} (if exist).

Solution: From Example,e = 0

Leta € Z\{—1}and a ~1is the inverse of a

1

=ax*xa !l =qa 1

xa=ea*xal=c¢

=a+altaat=0=a+a 0 +a)=0

-1 a
=>a " = - —
1+a

xa=e=a l+a+alta=0
=a+al(l+a)=0=

a

_1:_ =
@ 1+a ¢

A L pby b g =0 ¢ 2 \AGLQ@&SJJQ}AZ\{—I}QJJQJSJ#Z\ALC}SJM
&=

fa=0=a1=0€Z\{-1} >071=0
Ifa = -2 = a7t = _il =-2=a1=-2¢€2\{-1}
fa =3= a™! = -2 ¢ Z\(-1}

s~ a = 3hasno inverse
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“Va # 0,-2, a le¢ Z\{-1}

6.33 Example: (H. W.) Let * be a binary operation on Q{0} such thata x b =

2abVa,b € Q\{0}. Find the identity element of Q\{0} with respect to *.
Find the inverse of each element in Q\{0} (if exist).

Example: (H. W.) Let = be a binary operationon Z suchthata *b =a + b +
5 Va,b € Z. Find the inverse of each element of Z with respect to *.

6.34 Group 33

Let G be a non empty set and * be a binary operation on G. The pair (G,*) is
called group if and only if * is associative, there is an identity element and
each element has an inverse.

Mathematically,

(G,*) is called group iff

1.G#0

2. = 1S a binary operation on G

3. x Is associative on G

4. 3 identity elemente € Gst.a *x e = e * a = a
5.YVa € G,3 ateGstax al= alxa=ce

6.35 Remark: If (G,*) is a group and * is a commutative then (G,*) is called
commutative group.

Mathematically,
A group (G,*) is called commutative iffa x b = b * a Va,b € G

6.36 Example: Show that (Z, +) is a commutative group

1.Z#0
2. + is associative binary operation on Z

3.3de = 0€ Zs.t.t.a+0=0+a =aVa € Z
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4.3 al=—-ae€eZvVvae’Zst.a+ al=al1+a=0

~ (Z,+) isagroup
Ya,b € Z, a+b=>b+a
~ (Z,+) is a commutative group

6.37 Example:

(Q,+) isa comm. group
(R, +) is a comm. group
(N, +) is not a group
(Z,.) is not a group
(0,+) is not a group
(R\{0},.) isagroup
(R,.) is not a group

6.38 Example:

Show that (Z,*) is a commutative group suchthata*b =a+b —5
Solution:
1.Closure:leta,b€ Z= axb=a+b—-5€Z
= closure is true
well-defined: leta,b,c,d € Zs.t. (a,b) =(c,d) = a*xb=c*d?
Since (a,b) = (c,d) = a=c ANb=d
= a*b=a+b—5 (def. of *)
=c+d-5(a=cAb=d)
=cx*d
=~ * 1S well defined
=~ * is a binary operation
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2. associative (H.W.)

3. Identity: leta € Zwefinde € Zsuchthata*xe =e*xa=a
a*e=a

=a+e—5=a

=e=5€Z..()

Similarly,e * a = a

=e+a—-5=a

=e=5€Z7..02)

From (1) &(2) ,e = 5

4. Inverse:Va € Z,wefind a™! € Zsuchthata* a '=a 1xa=c¢e

=a+ at-5=5
=al=10-a € Z..(1)
Similarly, a ™t * a = e
=atl+a-5=5

= al=10—-a€ Z..0Q)
From(1) &(2), a 1= 10 — a
~ (Z,*) is a group
Commutative: (H.W.)

6.39 Example: Is (P(X),U) group?

Solution:
1. U is a binary operation (Gt JUis)
2. U is associative (@ JG)

330 e PX)SLAUD = QUA = A
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4. Inverse: VA € P(X), we find A -1 € P(X) such that
AUA Tl =A"TuA=0¢
IfA = @thenA ™! =@st. AUA™1 =¢
When A # @ then there is no inverse to A
B J A ki led aa g Al B sl e sendll
~ (P(X),0) is not a group
6.40Example: (H.W.) Is (P(X),n) group?
Is (P(X),\) group?
6.41 Example: Let F(A) = {f,f: A — Ais bijective map.}

let * be an operationon F(A) s.t. f x g = fog
Is (F (A),*) commutative group?
Solution:
1.Closure:letf,g € F(AA)=f * g = fog € F(A)?
f € F(A)= f:A — Ais bijective
g € F(A) = g: A - Aisbijective
~ fog: A = Ais bijective
Closure is true
well-defined: let f3, f5, 91,92, € F(A) st (fi. f2) = (91,92) =
fix fo =01 % 92?
Since (f1, 2) = (9v92) = f1r = 1A 2 = 92
= f, * f, = fiof, (def.of *)
=01092 (i = g1 A f2 =92)
=91* 92
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=~ * 1S well defined
~ * Is a binary operation
2. associative: Vf,g,h € F(A)
(fog)oh = fo(goh) (by theorem, chapter4)
3. Identity: Ji,: A — A s bijective such that foiy, = ijof = f
Vf € F(A)(by theorem, ch4)
e =i,
4. Inverse: Vf € F(A) = f:A — Ais bijective
3f~1 : A - Aisbijective = f~! € F(A)
Such that fof ™! = f~tof =i, (by theorem, ch4)

=~ ((4), o) is a group Commutative: Since f:A — Aand g: A — A fog = gof
=~ (F(A), o) is a commutative group

6.42 Semi Group 3_e ) 4xd

Let A be a non-empty set and * be a binary operation on A. The pair (4,*) is
called semi group if and only if * is associative.

Mathematically, (4,*) is called semi group iff
1.A+0Q

2. = 1S a binary operation on A

3. x Is associative on A

6.43 Example:

(N, +) is a semi group but not a group

(Z,.) is a'semi group but not a group

6.44 Remark: Every group is a semi group
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6.45 Ring A&l

Let R be a non empty set and * and # be two binary operations on R. The
ordered triple (R,*, #) is called ring if and only if

1.R + @

2. (R,*) is a commutative group

3. (R, #) is a semi group

4. # is distributed over = (from left and right)

6.46 Example: (Z,+,.) isaring

1. (Z,+) is a commutative group

2. (Z,.) Is a semi-group

3.a.(b+c) =ab + acVa,b,c € R (distribution from left)
(b + ¢).a = b.a + c.aVa,b,c € R (distribution from right)

6.47 Example: (Q,+,.) isaring

(R,+,.) isaring

6.48 Commutative Ring: 4ia¥) 4dlal)

Aring (R, #) is called commutative iff a#b = b#a Va,b € R
Al dleal) e gty o cang JagY)

6.49 Example: (Z, +,.) is a commutative ring because a.b = b.a Va,€ Z

(Q, +,.) is a commutative ring
(R, +,.) isa commutative ring

6.50 Ring with Identity Element — slaall jaiad) cild 4ital)

A triple (R,*, #) has an identity element with respect to (#) if and only if

atte = e#ta = aVa € R

50



Foundation of Mathematic s Ay —cluzaly ) Gl
2026 — 2025

6.51 Example:

(Z,+,.),(Q,+,.),(R,+,.) arerings with e = 1 because a.1 = 1.a

6.52 Ordered Ring 4 sl 4l

A triple (R, #) is called totally ordered ring if and only if there is a totally
ordered relation such that

1. (R,x,#)isaring

2. The relation R is totally ordered relation T.0.R
3.Va,b € Rif abthena * cb * ¢c,Vc € Z
4.Va,b € Rif abthen a#c b#c,Vc = 0

The totally ordered relation is denoted by (R,*, #,)

6.53 Example: (Z, +,., <) is a totally ordered ring since

1. (Z,+,.) isaring (Gt Jbs)

2. (Z,<)is T.0.R (see Example, Chapter 3)

3.Va,b € Zandc € Zifa < bT.P.a+c< b+ c

leta<b=a=b-r1r, >0
—=a+c=(b+c)—r, c€ Zandr = 0
—a+c<b+c

4.Va,b € Zandc > 0,ifa < bthena.c < b.c

leta<b=a=b-nrr>0
= a.c = b.c — cr, Vc
= a.c = b.c — cr, cr
= a.c < b.c

=0
=0

6.54 Example: (H.W.) Show that (Z, +,.,>) is a totally ordered ring
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