Proof: E (x¥) = [ x* f(x)dx = =22 [1x*1=k=1 (1 — x)P~1dx
x! B

_Te+p Tutklp FMFB]
- Y — o< =
Fo(FB l-‘<>(+k+B B( ’ B) 1-‘oc+[3

_ Fa+B Ttk
Fo Tkt p

2) From the above formula , the mean and variance of the distribution can be
derive as follows - putting k=1 we obtain

E(x) — M. = Fot1locrp Tt
x [ Toc+B+1 Toc(o¢+B) et

[since Ty 1 = < I']
=
o+

x =

. _ 2y _ Tag2lorp (x+1)xTolocq B
Putting k=2 we get E(x*) = Tolot B2 Tu(ct PAD(tB)lorg

o (oc+1)

= (c+B+1)(x+B)

Var (x) = fxz =E(x*) - [EM™)]?

_ o« (x+1) _ oc? _ o (oc+1) (oc+B)—oc? (x+B+1)

T (cHBHD(cHB) (B (oc+B)2 (oc+B+1)

_ o3 +oc? B4oc? +ocf—oc3 —oc? f—oc? _ B

- (oc+B)2(<+B+1) - (c+B)2(x+p+1)

. J-Z _ OCB
Tx T (c+B)2(x+B+1)

5- The normal distribution
A continuous r.v X is said to have normal distribution with parameters M , 62

-1 x—M,,
denote , as x~N(M, §2) if the p. d. f of x is £ (x) = ezCs)

o< x <
2w 52

Proportion :-

1) The M. g. f of normal dist. Is M,.(t) = e 2~
Proof :- M, (t) = E(e™) =

1 o0 -1 XMy
T e er Do) dx
=
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let y= %:x—M+dy=>dx—6dy

1 1% -y~
M, (t) = ﬁf_metwm” ez (6 dy)

2
1
Mt f tdy e 2 dy

-(y%-2t8y)

— Mt 1 %
= = Ji_oo e 2 y
i Y dalae Gl gy sl 5 A8laly Y1 e ao jall JlaShy (5
f 1 o ~[(y?-268ty+62t2)-52t2]
M, ()=ett—[_ e 2 dy
52¢2 w —r-8t)?
— eMt e z E f_oo e 2 y
Let L=y—6t >y=7Z+dt >dy =dZ
5212 o =22
Mx(t) — eMt+T \/T_T[ f—oo ez dZ]
52 2

normal dist « M, (t) = Mt 5
2) The mean of the normal distis:- M, = E(x) =M
52t?
Proof : M, (t) = M
522

242
M) = (M +55) &M

=(M+82t)M,.(t)
M, =E(x)=M/(0)=M+0)M,(0)=M1=M

3) The variance of the distribution is §x? = Var(x) = §2
Proof:-

My (t) = (M + 8*)M, 1y 8*M, (D) [since My () = (M + 8% +) M (t)]
MZ(0) = (M + 0)M%(0) + 6*M,(0)

= (M+0) M+6* — 1 = M? 4 &2
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8% = var(x) = My(0) — [M4(0)]?
=M2+82—M2 =82

Def :- If the r.v Z~N(0,1) , then we say that Z distributed as standard normal
Z2

distribution with p. d. f. f(Z) = «% ez ,—0 <7<

The mean , Variance and moment generating function of the r.v Z is
M, = 0,8, =1,My(t) = et/
Theorem 1) If the r.v x~N(M, §2)then Z = X;—” ~N (0,1)

Proof :- By using the trans formation method we have
-1 x—-M

f(x):\/zi_n eT(T)Z, —oo < x < oo the space of x denoted by A and the space of Z

denoted by Bare defined as :-

A={x = -0 <x<},B={Z=—0<Z< o}

Z=u(x) = % is (1 —1)trans formation maps A onto B
x=u"'(Z)=M+6Zis(1—1) transformation maps B onto A
3= |2 =d = g(2) = f W @)1

02) = = 22 (§) = ez ”

az
V28 V2w
£ Z="2~N(01)

Calculating the probabilities

The probabilities concerning the r.v.x which distributed as N (M, §2) can be
expressed in terms of probabilities concerning Z = % which distributed as

N(0,1), However an integral like f_koo\/% e “*/2 57 cannot be evaluated . Instead

we use tables which approximate the value of this integral for differend values of
k In general , the following rules are important .

1) pr(Z<0)=p(Z>0)=05
2) pr(Z < _Zl) =1- pr(z < Zl); Z, >0
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3) pr(Z1 <Z<1Z;) = p(Z<Zy) —pe(Z<Zy) =N(Zy) — N(Zy)
Ex:- Given that X~N (2,25) , find p, (0 < x < 10)

Solution :-p, (0 <x < |0) = p(Z < %)

=p, (—0.4 <Z<1.6)
=p,(Z<1.6)—p.(Z<—-04)

=p, (Z<1.6)— [1—p,(Z< 0.4)]

= N(1.6) — [1 = N(0.4)]

=0.45-[1 — 0.655] = 0.6 [ from tables ]

Theorem (2) :- If the r.v X~N (M,62) then the r.v y= (%)2 ~x%(1)

(2
Proof :- By using the m. g. f. method M,,(t) = E(e®”) = E [e S ]

% x-My; -1 x-M
Putting Z="2 5x=M+05Z = dx = 8dZ
w _1
My () = = [, e "% (8d2)
= [ az
S L[ h0a gy
==,
_ — _ 1 _ 1
Let w= ZN1 -2t > Z = mw,dz— — dw
1 o W 1
= My(t) = \/T_TC f_ooe 2 Vit dw
2
_ 1 1 (o w- _ 1
B Vi-2t [\/ﬁ | ez dw B vi-2t D)

M,(t) =(1- 2t)_1/2 which is the m. g. f. of chi-square dist. with 1 degree of free
Doue y= (55)? ~x2(1)
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Theorem(3) :- If xi , i= 1,2,...,n distributed as ~N (0,1) then Y™, x?~x2(n)
Proof - let y= nx? , then () = E(e®)
My(t) —F (e+(x%+x§+---+x,21)

= E(etx%) E (etxg) . E(et*n)

Since each of x;, x,,...,xn ~N(0,1) then each of xZ,x2,...,x2 ~x2(1) (theories
2)

My(t) = (1—2t) 72(1=2t) /2. (1—2t) /2 n-terms
My =[(@-207%] = a-207"2

y=Y" , xi?~x%(n)

(6) the students t distribution

Let the r.v W~N(0,1) and the r.v. V~x2(r) , where W and V are stochastically
independent . then T=— has students t distribution with p. d. f given by

F

ro.
_ Ty 1
9(1) = Var Tr 2,0 TR St<®
2 (1+)" 2

w? 1

Proof :- the jointp.d. f. of Wand Vis ¢(w,v) = \/%_n e /2 —7
2

T -v
(17)5_197
—o0o <w <o, 0<v<o

Let : t =— and u=v define a(1—1) transformation mapping the space

{w,v); —co<w<,0<v< o0} onto the space
{(ttu);—o<t<o,0<u< oo}
Vi dw aw Vu t
W=tﬁ,v=u,]— ;15 fii:; = \/?0 2\{1?
at au
- u
B Vr

9w =9 % u| .
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