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This paper introduces an improvement and generalization of Hadamard
inequality by using the spaces of local fractional L,-normed spaces for1 < p <
oo, after Jacques Hadamard has presented his inequality in 1893 about bound on
the determination of matrices by using the length of its column vectors. In
addition, it is sometimes called Hemit Hadamard inequality with its convex
function .The inequality that had been generalized to higher dimensions of

function is bounded and convex domain in Euclidean space of n dimension .
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1.Introduction prg o(x)dx
- Y
Hadmard introduced the first type of Hermite-
1 9+ w
Hadmard inequality ( Hadmard,j,1893) < 5|® (T)
J+w
— 9) + ¢(w
<P< 2 ) +W] (2)
1 w
Sw—ﬁfs p(x)dx you can look at a general survey for Bullen
3 ©(9) + p(w) W inequality in (Bullen ,P,S,1978)
= 2 , see also( Mitrinovic ,D.S.Pecaric ,J and Pecaric
Bullen presented a generalization of Hermite- Jand Fink ,A.M.2013) and ( Dragomir,S.S and
Hadmard estimate and proved (Bullen ,P,S,1978) Agarwal,R.P,1998).

As a refinement of (1), is the following result from
(El Farissi, A,2010)
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o)<

1
<— d
S ﬁfp(x) x

) + ¢(w)

<L) >

Where
1) =29 (22220 4 (1 -

K)(p ((1+A)w;—(1—}.)19)'

And
L(KA)=1/2((Aw+(1-K)9)+£@(9)+(1-K)p(w))
To read more about the inequalities mentioned
above, we can read the references [Mitrinovic
,D.S.Pecaric ,J and Pecaric ,Jand Fink ,A.M.2013),
(El Farissi, A,2010)
, (Meftah,B & Boukerrioua Khaled
2017),(Meftah,B, M. Merad & A. Souahi 2019),
(Eman ,S ,1999)]
This paper introduces an improvement and
generalization of Hermite- Hadamard version
inequalities and applications on the local fractional
L,, normed spaces for 1 <p < .
Firstly let us recall and offer some definitions and
notations, which are required in this study.
The function ¢: [9, w] € R — R is supposed to be
seen curved if the subsequent dissimilarity clutches
ptx+ (1 -ty <tex)+ (1 -eW)
(Mitrinovic ,D.S.Pecaric ,J and Pecaric ,Jand Fink
,A.M.2013)
For all x,y € [J,w] and te [0,1], the researchers
declare that is curved in if (—¢) is curved.
R is the set of real numbers, R* = Q% U J*,where
Q% is the @ — kind fixed set of the rational number

accounts is demarcated as the group
« _ (P\"
{m = (q) ,P,q€Z,q # 0},
In addition, J* isthe a — the type set of irrational
numbers is clarified as the fixed set.

e+ ()

a

,D,q€Z,q * 0}.

The local fractional derivative of the function ¢ (x)

of demand « at X = X- is known as:

d“p(x) - lim A%(p(X) — p(X-))
adx® ly_x. g ase X —X)

Where A%(p(X) — p(X-)) = I'(a + D(p(X) —
(p(Xo)).
If there occurs %+ V% (x) = DZ ... D p(x) for any

p*(X) =

X€eISR, then we signified ¢ € D)),
k=0,1,..
Agarwal,R.P,1998)

Anon —differentiable function ¢@:R - R% X —

wherever (Dragomir,S.S and

f(x) is termed as fractional locally continues at X-.
"If for whichever €> 0, there be existent § > 0, as
that |p(x) — @(X-)| <€* holds for |X — X-| < &,
where €,6 € R. If @(x) is local incessant on the
interlude (9, w) .We represent @(x) € C,(9,w)".
(Dragomir,S.S and Agarwal,R.P,1998)

I call f is fractional integral if

1 w
mL @ (x)(dt)*
1 n—-1 "
T dm 2, o) (e9)
=0
<o (3)

and the fractional integral is defined by:

D(f —_ 1 © o
50 = ey f ©()(d)

n-1

- rr i 2,0 e
With At; = t;,, — t,and At =
max{Aty, At,, ..., At,_; ,where [t;, t;44],
j=0,..,n—land9 =t <t; <<t =w
is a partition of interval [a, b]. Here it follows that
Iip(x) =0if9 = wand I Sp(x) =
—w IZp(x) if9 < w.
Letp:1 € R —» R* Assuch,any X; X, € land 1 €
[0,1], if the subsequent inequity ¢ (1X;) +
(1 -DX, < A*f(X) + (1 — D%p(X,) grasps,
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then f is named a widespread convex role on 1.
Now, let us introduce our Lp . space for 0 < p <
0,

Let us define the fractional integral quasi normed

Space as:

Lpx[9, w] = {@: [0, 0] = R:[|9llpq

1
=(L |<p<x)|p<dx>“) <o

and ||. || o is a fractional Lp integrable norm.

2.Auxilary Results
Lemma 2.1 (Barnett,N.S. and Dragomir,S.S,2001):
d*f(x)  TI'(1+ka)
dx® 1+ (k—-Da)

1 w
r(1+ o) Bf XE(d)

(k-Da

' +ka)
TTA+ (k+ Do)

— 9+Da) keR.

(w(k+1)o(

Lemma 2.2: (Meftah & Boukerrioua Khaled
,2017) GeneraliZed Holder inequality

Let @', g€ C,[9, wl,p,q> 1,With%+$= 1,
then

1

T+ a)ﬂflqi(x)g(x)udx)a

1
< %ﬁ — ;fml 1 (dx)*
S\rav o) ¢ \ra+a) g '

Lemma 2.3 (Dragomir ,s.s and Pearce
,C.E.M(2000):Let ¢ € D,[9, w] with 9 < w and
g(x) € Cu[9, w].If 2 € I'[9, w],then for all
x € [9, w],the following indentity holds.

QR

"), g(s) + p(w)xI™ ,g(s)
- ﬁl(“)w(p(s)g

1 ¢ 1 t
T+ a)f [F(l ¥ a)f g(s)(ds)“] @) (@)
9 X

3.Main Results
Theorem 3.1:
let @(x) € Lpq[9, w] and ¢ is generalized convex
in Ly[9, o].
Then
[0 (@)al g (s) + 9(@)I 4, g(s)
— 91 ,(s)g(s)|xs
(=09
T T+ a)pratt
_ 1+ aq)
1+ (@+ Da)

- 19(q+1)0<) ”g(s)”p,o(

1 1
where 1<pqg<oo,—+-—=1.
p q

Proof: By using lemma2.3, we get
"p@)91g(s) + (@), 9(5)
=91 ,0()g(s)]

1 [ 1
I+ a) f [r(1 T a) f g (5)(d53“] @ (©)(d)*
9 X

Currently via employing general Holders

(w(q+1)o<

inequality in lemma2.2, we gain

s 1 [ Jf 9(9) (@9)7] @ () (@)

r(1+a)

<

o 1 )
1 1 ’ a T o q a g
M+ Lf [r(1+a)fx'g(s)|p(ds) ” [L AIOIRCD! ] 1

1 1
Sp,qsw,5+a=1.

1
"T(l+4a)
+1,)

(h

Now,
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[N

® ) , .
![—F(Ha)fxm(sn (ds) ]

f 19(s)(@s)IP (dD)®
9

r
1 t
r(1+ a)fx (ds)

by using lemma 2.1 and (1), we get,
1
)5

(x—t)° %
“g(s)”p,o( m . 3

By using lemma 2.1,we get,

| =

=[5’ le@®|" (@]
1+ aq)

— - (w(q+1)o<
[T+ a)]aT(1 + (g + Da)
_ 19(61+1)°<) . 4)

Put (3) and (4) in (2), we get

1
((x=)"P  T(1+aq) (w(q+1)0< _
T r@+a)P*4tl  r(1+(g+1)a)

9@ N 1g($) Il

Now using (1),we catch
|(p('9)al(o<)xg(s) + (p(w)xl(“)wg(s)
— 91 ,p(s)g(s)|
1
((x —)*)P
“I'(1+ a)ptatt
. I'(1+aq)
1+ (g + Da)
— 9@ )| g()lp,
1 1

where 1<pqg<oo,—+—=1.
p q

r

+ a)]e [

Also,

1

= [ L ”|¢<«>(t)|q(dt)ar

<[ra

1

Corollary 3.2:
Let g:[9, w] = R® be a asymmetric to
@+ w)/z . Then we have the a new

Hadamard inequality.
" ‘(4}(19) + ¢(w)

—9159(s) = Vg5 (s)g(s)

(w(q+1)o<

F(1+a) U [r(1+ ) |g(s)|p(ds)a” f EIGIE (dq34 %aq) z9+w_t) )p IIg(s)IIp«(b(qH)“
) 1

(rd+(q+ 1)“))‘7(F(1 + a))pradi
— 19(q+1)o(),

1 1
where 1<pg<oo,—+-—=1."
p q

Putx = ﬁ% in theorem3.1, we get

[0l ® 0109 (5) + 9B)o20l D g(s)
2 2

= 8,0()g(s)|
(@520
=T + a)pta+t
'l +aq)
"TA+ (g + Da)

= 9@ g($)llp,a )

(w(q+1)o<

Now,
using the symmetry of g , we have the

following identity
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0ol ®9409(s) + @D o+l pg(s) |0 ®)51%x8(5) + 9(B)x1®0g(s) — 91 @()g(s)]
R 2

P

— 91, (s)g(s) SF(11+oc) F(11+oc)3f IF(ll-i—a)f B (dt) ] fl(‘p(t)) i }
9) +
_o( )za(p(w) 917 g (s) =
1
—950(s)g(s) (6) (M; + M,)a ®)
Put (6) in (5), we get Now by using (3), we get
p®) + p(w) (x « M
5 9ag(s) —95e(s)g(s) ! .
1 1 1 t p p
= s)(ds)*| (dt)*
F(1+a )((MT“’_LL) ) 19()llpc r(1+a) F(1+a)f‘f‘(1+a)£g( )ds)| (dV
(w(q+1)o< 9
1
(r(1 +(q+ 1)a))q(r(1 + a))p+q+1 - (x—0*)P 9
_ gl < ||g(5)||p,o<m €)
Theorem 3.3: Let f(x) € Do[#, b] with 9 < e and also,
_b_
let 9 € 1919, w], g™ (x) € C, [0, w]. ¢ D P
. - | [ 1@y =i
If || /o-1) js generalized convex on [9,w] 9
with p>1, then for all x € [9, w], the 1 % 1 otp—sc pL
succeeding inequality grips s (1"(1 n a)> ra+ a)f |(<P(t)) Pl (dD)” ]
" 169 169
[P@)al®29(5) + @(@)al ©g (s) By using lemma 2.1, we get
— 91, 0()g(s)| p_
w » -1
1 " «<|p—1 o«
(G = ) [ le@)y @ l
< ‘7
p*+p-1 9
ra 1
(1+a) P71 (1 4+2%=%)
1 p-1 14
r(2=tap) ( ) (a, v
P 20p—x rl+a) 20p—
N P ) (a, ; 1+ )
r (p—oc +2ap)
p 2Xp—x .
2Xp—x -9 P ) (10)
-9 P ) N
g (SMlp Put (9) and (10) in (8), we get
1 1 o o
where 1<p,q<o, , +5 1" |9(9)al®g(s) + @(@) 1, g(s)
— 97
Proof: Let x € [9, w], by using lemma 2.3 for 910 ()g(s)|
1
@, we get < ((x —)*)P
o o 24+p-1
[P ()919(5) + 9(0)I 9 (5) M +a) P10
— 97 —
91€9,0(s)g ()| () RS
1 t D ocp+2ap (w ?
— «[ 0 x r (2= +2ap
Cga ! e | s©@r|s0o@ ‘ o =50
2Xp—x
By using the generalized Holders disparity and -9 P ) lg ()llp,ec
14
; ; | /(o 1 1
the comprehensive convexity of || /@D, where  1<p,q< ©5te" 8

we get
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Corollary3.4:

If g: [9, w] = R be a symmetric to

@+ w)/z_ Then we have another new Hadamard
inequality.

Then

) + p(w)

Do ﬁl(x)wg(s)

+ =91 ,p(s)g(s)

1

(5297

pZ+p-1
oIl +a) p-1

p—X +ap
' r‘(p—oczil-Zap) (wzocg_oc
F(T)

26Xp—

=87 gl

1 1
where 1<pgqg=sowo,—+-—=1
p q

Proof:

Putx = iib in theorem 3.3, we come to be
0ol D9109(s) + P(B)o+wl,g(s)
2 2
= 01,9 ($)g()|

(G- t):)%
p°tp-1
rl+a) r1

p—X +ap
' r‘(p—ocli—Zocp) (C‘)MWT_Q<
F(T)

2xXp—x

9P )||g(s>||p,°< (11)

Now,

Utilizing the regularity of g , the researchers

will have the resulting characteristics.

()91 9409 (s) + P(@) 910! pg(s)
2 2

20(

— 91, p(s)g(s)
_ 9@ +¢(w)

ﬂl(“)wg(s)

+ =919, 0(s)g(s) (12)
Put (12) in (11), we change it to,

p@) + ¢(w)

20(

ﬂl(oc)wg(s)

+ =919, () g (s)

1

(C5e-0)
Y

r(l+a) P-1_

<

p

26Xp—X

S | O]
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